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8YRG3UYD�HNVWUDVRODUQD�SODQHWD�RWNULYHQD�MH�VUHGLQRP����LK�JRGLQD����YHND��7RNRP�SURWHNOLK�JRGLQD�MH�RWNULYHQR�MR^�GRVWD�SODQHWD��7UHQXWQR�MHRWNULYHQR�RNR�����QMLK��KWWS���YR�REVSP�IU����2QH�SULSDGDMX�QHNRP�RG����SODQHWDUQLK�VLVWHPD��SUL�aHPX�VH����SODQHWDUQLK�VLVWHPD�VDVWRML�RG�YL^HSODQHWD��=DQLPOMLYR�MH�GD����SRVWR�WLK�SODQHWD�LPD�PDVX�YH`X�RG�PDVH-XSLWHUD��D�GD�VH����SURFHQDWD�QDOD]L�EOLCH�VYRMRM�]YH]GL�QHJR�^WR�MH0HUNXU�EOL]X�6XQFD��2NR����SURFHQDWD�SODQHWD�LPD�YUHGQRVW�HNVFHQWULFLWHWDYH`X�RG������-HGDQ�RG�XVORYD�]ERJ�NRMLK�L�YLGLPR�VDPR�WDNYH�SODQHWH�MHVWHWDM�̂ WR�XSUDYR�WDNYH�SODQHWH�LPDMX�YHOLNL�XWLFDM�QD�NUHWDQMH�]YH]GH�RNR�NRMHVH�YUWH�1D^�FLOM�MH�ELR�GD�UD]YLMHPR�PRGHO�NRML�EL�REMDVQLR�SRMDYX�QDVWDQNDHNVWUDVRODUQLK�SODQHWD��.DR�SRaHWDN�UD]YL`D�SODQHWDUQLK�VLVWHPD�X]HOL�VPRSURWRSODQHWDUQL�GLVN��7R�MH�GLVN�NRML�VH�VDVWRML�RG�YHOLNRJ�EURMD�PDOLK�aHV �WLFD��8VOHG�SUHYHOLNRJ�PRPHQWD�LPSXOVD�NRML�]YH]GD�LPD��GROD]L�GR�RGYD �MDQMD�PDWHULMDOD�RG�]YH]GH��WM��GR�QDVWDMDQMD�SURWRSODQHWDUQRJ�GLVND��HIHNDW
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=%251,.�5$'29$����� ),=,.$��• ��



FHQWULIXJDOQH�QHVWDELOQRVWL���AHVWLFH�X�GLVNX�VH�NUH`X�SR�HOLSWLaQLP�RUEL�WDPD�RNR�]YH]GH��3UHWSRVWDYLOL�VPR�GD�MH�GHEOMLQD�GLVND�]DQHPDUOMLYR�PDOD�^WR�MH�VDVYLP�SULKYDWOMLYD�DSURNVLPDFLMD��V�RE]LURP�GD�VH�WDM�PDWHULMDO�RG�YDMD�RG�]YH]GH�X�SRMDVX�HNYDWRUD�8�SULQFLSX�SRVWRMH�GYD�UD]OLaLWD�QDaLQD�NDNR�GROD]L�GR�VSDMDQMD�aHVWLFDX�GLVNX��3UYL�QDaLQ�MH�JUDYLWDFLRQD�LQWHUDNFLMD��WM��XVORY�]D�VSDMDQMH�GYHaHVWLFH�X�MHGQX��MHVWH�GD�VX�GRYROMQR�GXJR�GRYROMQR�EOL]X�MHGQD�GUXJRM�%DODC�HW�DO���������9UHPH�SRWUHEQR�]D�VWYDUDQMH�SODQHWDUQRJ�VLVWHPD�QDWDM�QDaLQ�MH�UHGD�YHOLaLQH���� JRGLQD��'UXJL�QDaLQ�VSDMDQMD�MH�VXGDUDQMHaHVWLFD�NRMH�VH�NUH`X�SR�HNVFHQWULaQLP�HOLSVDPD��8VORY�]D�VSDMDQMH�GYHaHVWLFH�X�RYRP�VOXaDMX�MH�GD�VH�QMLKRYH�RUELWH�RNR�]YH]GD�VHNX��1MLKRYHRUELWH�VH�PRJX�VH`L�QD�^HVW�UD]OLaLWLK�QDaLQD�X�]DYLVQRVWL�RG�EURMD�QMLKRYLKSUHVHaQLK�WDaDND��VOLND�����*UXED�SURFHQD�GDMH�GD�SODQHWDUQL�VLVWHP�NRMLQDVWDMX�RYRP�DNUHFLMRP�WR�aLQH�]D�RNR���� JRGLQD��9H`�MH�SURXaDYDQR�QDV�WDMDQMH�SODQHWD�JUDYLWDFLRQRP�LQWHUDNFLMRP��%DODC�HW�DO���������0H_XWLP�GRELMHQL�UH]XOWDWL�QLVX�REMDVQLOL�SRMDYX�HNVWUDVRODUQLK�SODQHWD�VD�YHOLNLPHNVFHQWULFLWHWRP��0L�X�RYRM�VLPXODFLML�NRULVWLPR�VXGDUDQMH�aHVWLFD�NDR�MHG�LQL�QDaLQ�QD�NRML�PRJX�QDVWDWL�SODQHWH�

6YDND�aHVWLFD�X�GLVNX�]DGDWD�MH�QMHQRP�PDVRP�P��YHOLNRP�SROXRVRPD L�HNVFHQWULFLWHWRP�RUELWH�H��NDR�L�XJORP�ω NRML�SUDYD�NRMD�VDGUCL�QMHQXYHOLNX�SROXRVX��JUDGL�VD�[�RVRP��VOLND�����(NVFHQWULFLWHW�RUELWH�UDaXQDPRSR�IRUPXOL��H  �F�D��L�WD�YUHGQRVW�MH�L]PH_X���L���'D�ELVPR�SURQD^OL�SDUDPHWUH�aHVWLFH�QDVWDOH�SUL�VXGDUX�QHNH�GYH�aHV�WLFH��SR^OL�VPR�LVNOMXaLYR�RG�RQRJD�X�^WR�VPR�VLJXUQL��WM��RG�WUL�UHOHYDQWQD]DNRQD�RGUCDQMD���,]�]DNRQD�RGUCDQMD�PDVH�GRELMDPR�PDVX�QRYRQDVWDOHFHVWLFH�
m = m1 + m2 ���SUL�aHPX�VX�P� L�P� PDVH�aHVWLFD�NRMH�XaHVWYXMX�X�VXGDUX��6YDNR�WHORPDVH�P NRMH�VH�NUH`H�SR�HOLSVL��aLMD�MH�YHOLND�SROXRVD�D��RNR�]YH]GH�PDVH0] LPD�SRWHQFLMDOQX�HQHUJLMX�NRMD�L]QRVL�(  �¬�γ�0]�P���D��JGH� MH�γ

6OLND����1DaLQL�VHaHQMD�GYH�HOLSVH
)LJXUH����:D\V�RI�LQWHUVHFWLQJ�RIWZR�HOOLSVHV
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JUDYLWDFLRQD�NRQVWDQWD��.LQHWLaND�HQHUJLMD�]D�RYR�NUHWDQMH�MH�SURSRUFLRQ�DOQD�SRWHQFLMDOQRM��'DNOH��SULPHQD�]DNRQD�RGUCDQMD�HQHUJLMH��X]�]DQHPDUL�YDQMH�HQHUJLMH�JUDYLWDFLRQLK�LQWHUDNFLMD�WHOD���L����NDR�L�RVORER_HQHWRSORWQH�HQHUJLMH��GRYRGL�GR�VOHGH`H�YH]H�L]PH_X�SROXRVD��
m/a = m1/a1 + m2/a2. ���7UH`L�]DNRQ�RGUCDQMD�NRML�VPR�NRULVWLOL�MH�]DNRQ�RGUCDQMD�PRPHQWDLPSXOVD��3UHWSRVWDYLOL�VPR�GD�VX�aHVWLFH�X�VLPXODFLML�PDOH�L�GD�PRCHPR]DQHPDULWL�QMLKRY�PRPHQW�LPSXOVD�URWDFLMH�X�RGQRVX�QD�PRPHQW�LPSXOVDUHYROXFLMH��RUELWDOQL�XJDRQL�PRPHQW���7DNR_H�VPR�NRULVWLOL�L�aLQMHQLFX�GDMH�RUELWDOQL�XJDRQL�PRPHQW�WHOD�PDVH�P NRMH�VH�NUH`H�SR�HOLSVL��aLMD�MHYHOLND�SROXRVD�D L�HNVFHQWULFLWHW�H��RNR�]YH]GH�PDVH�0] NRQVWDQWDQ�L�GDL]QRVL�/  ��γ 0]���� P ���¬�H����� D�����,]�SUHWKRGQRJ�GRELMDPR�MHGQDaLQXL]�NRMH�PRCHPR�L]UDaXQDWL�HNVFHQWULFLWHW�RUELWH�QDVWDOH�aHVWLFH�

m (a (1 – e2))1/2 = m1 (a1(1 – e1
2))1/2 + m2 (a2 (1 – e2

2))1/2 ���

6OLND����(OLSVD�L�SDUDPHWUL�HOLSVH
)LJXUH����(OOLSVH�DQG�LWVSDUDPHWHUV

6OLND����'LVWULEXFLMH�SRaHWQLKYUHGQRVWL�YHOLNLKSROXRVD�NRUL^`HQLK�XRYRP�UDGX
)LJXUH����'LVWULEXWLRQV�RI�VWDUWLQJYDOXHV�RI�VHPL�PDMRUD[HV�XVHG�LQ�WKLV�SDSHU
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8JDR�ω NRML�RGJRYDUD�WHOX�NRMH�QDVWDQH�X�VXGDUX�GYH�aHVWLFH�VH�X]L�PD�SURL]YROMQR��V�RE]LURP�GD�VH�L�QD�SRaHWNX�VLPXODFLMH�XJORYL�ω ]DGDMXSURL]YROMQR�%URM�aHVWLFD�X�GLVNX�MH�SRVWDYOMHQ�QD��������1D�VDPRP�SRaHWNX�VLPX�ODFLMH�VH�JHQHUL^H�MHGQD�aHVWLFD��WM��]DGDMX�VH�QMHQL�SRaHWQL�SDUDPHWUL��P��D�H��ω���=DWLP�VH�XEDFXMH�GUXJD�aHVWLFD��6OHGH`L�NRUDN�MH�SURYHUD�GD�OL�FHGR`L�GR�QMLKRYRJ�VXGDUD��WM��GD�OL�MH�]DGRYROMHQ�XVORY�GD�VH�QMLKRYH�SXWDQMHVHNX��8NROLNR�MH�XVORY�]DGRYROMHQ��GREL`H�VH�MHGQD�aHVWLFD��6YDNL�SXW�NDGDXEDFLPR�QHNX�QRYX�aHVWLFX��SURYHUDYDPR�GD�OL�`H�VH�VXGDULWL�VD�QHNRPNRMD�SRVWRML�RG�UDQLMH��$NR�MH�RGJRYRU�SRWYUGDQ��UDaXQDMX�VH�SDUDPHWUL�QDV�WDORJ�WHOD�SR�MHGQDaLQDPD����������L������3RWRP�̀ H�VH�SURYHULWL�GD�OL�̀ H�XVOH�GLWL�MR^�QHNL�VXGDU�PH_X�WHOLPD�NRMD�SRVWRMH��.DGD�YL^H�QH�SRVWRMH�^DQVH]D�QRYL�VXGDU��JHQHUL^H�VH�QRYD�aHVWLFD��3URJUDP�UDGL�VYH�GRN�VH�QH�XEDFHVYH�aHVWLFH� L�GRN�QH�RVWDQX�VDPR�RQD� WHOD�NRMD� VH�QHFH�VXGDUDWLPH_XVREQR��$OJRULWDP�VLPXODFLMH�MH�SULND]DQ�QD�VOLFL���

8VOHG�UD]OLNH�X�YUHGQRVWLPD�SRaHWQLK�SDUDPHWDUD�aHVWLFD��PRCHPRUH`L�GD�VX�UD_HQH�VLPXODFLMH�]D�GYH�YUVWH�SRaHWQLK�XVORYD��8�SUYRP�VNXSXVLPXODFLMD�VPR�UD]PDWUDOL�GD�VYH�SRaHWQH�aHVWLFH�LPDMX�LVWX�PDVX��8NXSQDPDVD�VYLK�aHVWLFD�MH�VNDOLUDQD�QD����WM��PDVD�VYDNH�aHVWLFH�MH�L]QRVLODP  ����������(NVFHQWULFLWHW�H�L�YHOLND�SROXRVD�D�VX�VH�JHQHULVDOH�SRUD]QLP�GLVWULEXFLMDPD��SUL�aHPX�VX�GLVWULEXFLMH�YHOLNH�SROXRVH�ELOH�QD�LQ�WHUYDOX�[����]��

6OLND����$OJRULWDP�VLPXODFLMH
)LJXUH����$OJRULWKP�RI�WKHVLPXODWLRQ
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8�GUXJRP�VNXSX�VLPXODFLMD�UD]PDWUDOL�VPR�MHGQX�SUREQX�aHVWLFXUD]OLaLWH�SRaHWQH�PDVH�L�HNVFHQWULaQRVWL�XURQMHQX�X�DQVDPEO�SUHRVWDOLK�aHV�WLFD��VYH�VD�LVWLP�SRaHWQLP�XVORYLPD���(NVFHQWULFLWHW�H L�YHOLNX�SROXRVX�DSUYH�aHVWLFH�]DGDYDOL�VPR�QD�SRaHWNX�SURJUDPD��9UHGQRVW�HNVFHQWULFLWHWDVYLK�RVWDOLK�aHVWLFD�VPR�SRVWDYLOL�QD����'LVWULEXFLMH�YHOLNLK�SROXRVD�RVWDOLKaHVWLFD�QLVX�L]OD]LOH�YDQ�LQWHUYDOD�[����]��2YDM�LVWUDCLYDaNL�SUDYDF�VPR�UD]�YLOL�GD�EL�SUDWLOL�PRJX`X�HYROXFLMX�QHSUDYLOQRVWL�X�GLVNX�XVOHG�aHJD�EL�QDV�WDOR�MHGQR�NUDMQMH�WHOR�YH`H�RG�RVWDOLK��7DNYH�QHSUDYLOQRVWL�XRaHQH�VX�XVYHPLUX�SRPR`X�6SLW]HU�6SDFH�7HOHVFRSH�D��)UDQN�������5H]XOWDWL�L�GLVNXVLMD6LPXODFLMH�VD�SUYLP�WLSRP�SRaHWQLK�XVORYD�VPR�SRNUHWDOL�]D�UD]QH�LQ�WHUYDOH�[���HPD[] ,]�WLK�LQWHUYDOD�VX�ELUDQH�SRaHWQH�YUHGQRVWL�HNVFHQWULFLWHWDaHVWLFD�QD�XQLIRUPDQ�VOXaDMDQ�QDFLQ��0HQMDOL�VPR�JRUQMX�JUDQLFX�PRJX`LKYUHGQRVWL�HNVFHQWULFLWHWD�HPD[��5D]PDWUDQH�YUHGQRVWL�HPD[ VX�ELOH�������������L�������.RUL^`HQD�MH�XQLIRUPQD�VOXaDMQD�UDVSRGHOD�]D�YHOLNH�SROXRVHaHVWLFD�QD�LQWHUYDOX�[����]�3UL�YUHGQRVWL�HPD[ RG����GRELMHQR�MH�MHGQR��QDMPDVLYQLMH�WHOR��1MHJRYDPDVD�MH�L]QRVLOD���������PDVH�SURWRSODQHWDUQRJ�GLVND��.UDMQMD�YUHGQRVWHNVFHQWULFLWHWD�WRJ�WHOD�MH�ELOD�H  ��������GRN�MH�YHOLND�SROXRVD�QMHJRYH�RU�ELWH�D  �������3ULPH`XMH�VH�GD�MH�WR�WHOR�QDVWDOR�RG�VNRUR�VYLK�aHVWLFD�SUR�WRSODQHWDUQRJ�GLVND��L�GD�MH�YUHGQRVW�HNVFHQWULFLWHWD�RVWDOD�YHOLND��=D�X]HWRHPD[  �����VLWXDFLMD�VH�SURPHQLOD��1DVWDOH�VX�WUL�SODQHWH��L�SR�PDVL�PQRJRPDQMD��WUL�DVWHURLGQD�WHOD��9UHGQRVWL�NUDMQMLK�SDUDPHWDUD�VYLK�^HVW�SURL]�YRGD�SULND]DQH�VX�X�WDEHOL����7HOD�VX�SULND]DQD�X�RSDGDMX`HP�UHGRVOHGXSR�PDVL�
7DEHOD����.UDMQML�SDUDPHWUL�WHOD�]D�HPD[  ����1R HNVFHQWULFLWHW PDVD YHOLND�SROXRVD� �������� ������� ��������� �������� ������� ��������� �������� ������� ��������� �������� ������� ��������� �������� ������� ��������� �������� ������� ��������

2GDYGH�VH�YLGL�GD�VX�NUDMQMH�YUHGQRVWL�HNVFHQWULFLWHWD�SODQHWD�SULOLaQRYHOLNH��1DUDYQR��SRGDFL�R�DVWHURLGLPD�QLVX�SRX]GDQL��MHU�MH�QDMYH`L�RG�QMLKVWYRUHQ�NUR]�^HVW�VXGDUD��6DPLP�WLP�VX�QMHJRYH�YUHGQRVWL�X�QDMYH`RM�PHULRGUH_HQH�VOXaDMQLP�SRVWXSNRP�JHQHULVDQMD�HNVFHQWULFLWHWD�
=%251,.�5$'29$����� ),=,.$��• ��



6OHGH`D�YUHGQRVW�HPD[ ]D�NRMX�MH�SRNUHWDQD�VLPXODFLMD�MHVWH������1DV�WDOR�MH�^HVW�SODQHWD�EOLVNLK�PDVD��3RVOHGQMD�JHQHULVDQD�aHVWLFD�X�VLPXODFLMLMH�VHGPR�GRELMHQR�WHOR��8�WDEHOL���VX�SULND]DQH�YUHGQRVWL�SDUDPHWDUD�GR�ELMHQLK�WHOD�
7DEHOD����.UDMQML�SDUDPHWUL�WHOD�]D�HPD[  ����1R HNVFHQWULFLWHW PDVD YHOLND�SROXRVD� �������� ������� ��������� �������� ������� ��������� �������� ������� ��������� �������� ������� ��������� �������� ������� ��������� �������� ������� ��������� �������� ������� ��������

,]�WDEHOH�VH�GD�SULPHWLWL�GD�VX�YUHGQRVWL�HNVFHQWULFLWHWD�SODQHWDSULEOLCQR�MHGQDNH��7DNR_H�VH�XRaDYD�L�aLQMHQLFD�GD�VD�RSDGDQMHP�PDVH�RSDGD�L�YUHGQRVW�YHOLNH�SROXRVH��WM��QDMWHCD�WHOD�VH�QDOD]H�QDMGDOMH�RG]YH]GH�3RVOHGQMD�YUHGQRVW�PDNVLPDOQRJ�HNVFHQWULFLWHWD�HPD[ NRMX� VPR]DGDYDOL�MH�������=DQLPDOD�QDV�MH�]DYLVQRVW�YHOLNH�SROXRVH�GRELMHQLK�WHODRG�QMLKRYH�PDVH��.DNR�ELVPR�GRELOL�VWDWLVWLaNL�WDaQLMH�UH]XOWDWH��SRNUHWDOLVPR�����VLPXODFLMD�aLML�VX�UH]XOWDWL�SRWRP�XVUHGQMDYDQL��'RELMHQD�]DYLV�QRVW�MH�SULND]DQD�QD�VOLFL���
6OLND����=DYLVQRVW�YHOLNH�SROXRVHRG�PDVH�SUL�XQLIRUPQRMUDVSRGHOL�YHOLNLKSROXRVD�aHVWLFD�3ULND]DQL�VX�XVUHGQMHQLUH]XOWDWL�RG����VLPXODFLMD�
)LJXUH����'HSHQGHQFH�RIVHPL�PDMRU�D[H�IURPPDVV�ZKHQ�WKHGLVWULEXWLRQ�RIVHPL�PDMRU�D[LV�LVXQLIRUP��6FDOHV�DUHORJ�ORJ�W\SH��5HVXOWV�RI����VLPXODWLRQV�DUHVKRZQ�KHUH�
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3UHGVWDYOMHQD�]DYLVQRVW�YHOLNH�SROXRVH�RG�PDVH�LPD�REOLN�D  �N P ��E�SUL�aHPX�VX�WH�NRQVWDQWH�N L�E��N  ����������E  �����������,]�WRJD�PRCHPR]DNOMXaLWL�GD�SUL�X]HWRM�SRaHWQRM�UDVSRGHOL�YHOLNLK�SROXRVD��WDNYRM�GD�MH�RQDXQLIRUPQD�QD�LQWHUYDOX�[����]��GRELMDPR�GD�`H�VH�QDMWHCH�SODQHWH�VWYRULWLQDMGDOMH�RG�]YH]GH��2YDM�UH]XOWDW�PR]HPR�REMDVQLWL�QD�VOHGH`L�QDaLQ��1HNDVX�X�QHNRP�WUHQXWNX�L]YU^DYDQMD�VLPXODFLMH�HNVFHQWULFLWHW�L�YHOLND�SROXRVDQHNRJ�RG�WHOD�X�QDVWDMDQMX�H��RGQRVQR�D��7DGD�MH�PRJX`H�GD�VH�WR�WHORVXGDUL�VD�VYLP�aHVWLFDPD�NRMH�`H�VH�X�QHNRP�WUHQXWNX�VYRJD�SXWD�QD`L�QDQHNRM�RG�XGDOMHQRVWL�RG�]YH]GH�L]�LQWHUYDOD�[D ���¬�H���D �����H�]��.DNRMH�QHNR�WHOR�X�QDVWDMDQMX�^WR�GDOMH�RG�]YH]GH��WR�`H�WDM�LQWHUYDO�ELWL�VYHYH`L��SD�`H�L�WR�WHOR�LPDWL�YL^H�aHVWLFD�VD�NRMLP�VH�PRCH�VXGDULWL�3UL�LVWRM�YUHGQRVWL�HPD[ RG������LVSLWLYDOL�VPR�UH]XOWDWH�]D�MR^�GYH�GLV�WULEXFLMH�YHOLNLK�SROXRVD��3UL�REH�WH�GLVWULEXFLMH��VLPXODFLMX�VPR�SX^WDOL����SXWD��SD�VPR�RQGD�XVUHGQMDYDOL�UH]XOWDWH��6OHGH`D�SRaHWQD�UDVSRGHOD�YHOLNLKSROXRVD�aHVWLFD�NRMX�VPR�NRULVWLOL�ELOD�MH�RSDGDMX`D�WURXJDRQD��WM��NUHLUDOLVPR�YL^H�aHVWLFD�VD�PDQMRP�YHOLNRP�SROXRVRP�QD�SRaHWNX�VLPXODFLMH��7XUDVSRGHOX�VPR�NRULVWLOL�V�RE]LURP�GD�MH��SRVOH�XQLIRUPQH�GLVWULEXFLMHYHOLNLK�SROXRVD��VOHGH`D�SR�MHGQRVWDYQRVWL��'RELMHQD�]DYLVQRVW�YHOLNH�SROX�RVH�RG�PDVH�SULND]DQD�MH�QD�VOLFL���
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YH`L�LQWHUYDO�[D ���¬�H���D �����H�] SUHVXGQLML�RG�XWLFDMD�YH`HJ�EURMD�aHV�WLFD�EOLCLK�]YH]GL�7UH`D�NRUL^`HQD�UDVSRGHOD�YHOLNLK�SROXRVD�aHVWLFD�MH�VWHSHQD�RSD�GDMX`D��WM��RSHW�VPR�JHQHULVDOL�YL^H�aHVWLFD�EOLCLK�]YH]GL��'LVWULEXFLMD�NRMXVPR�RYGH�NRULVWLOL�QDMYL^H�OLaL�QD�SRaHWQH�XVORYH�]D�NRMH�VH�SUHWSRVWDYOMDGD�VX�YODGDOL�X�6XQaHYRP�VLVWHPX�SULOLNRP�VWYDUDQMD�SODQHWD��=DYLVQRVWYHOLNH�SROXRVH�RG�PDVH�SUL�RYRM�GLVWULEXFLML�SULND]DQD�MH�QD�VOLFL���

=DYLVQRVW�SULND]DQD�QD�JUDILNX�MH�REOLND�D  �N PE��.RQVWDQWH�N L�EL]QRVH��N  �����������E  �¬����������6D�RYRJ�JUDILND�VH�PRCH�SULPHWLWL�GDVH�QDMPDVLYQLMH�SODQHWH�QDOD]H�QDMEOLCH�]YH]GL��^WR�YDCL�L�X�6XQaHYRPVLVWHPX�NRG�SODQHWD�-XSLWHURYRJ�WLSD��7X�SRMDYX�PRCHPR�REMDVQLWL�WLPH�GDVDGD�PQRJR�YH`L�EURM�aHVWLFD�EOLCLK�]YH]GL�XWLaH�QD�VWYDUDQMH�PDVLYQLKSODQHWD�EOL]X�]YH]GH�YL^H�RG�XWLFDMD�LQWHUYDOD�[D���¬�H���D�����H�] UD]OLaLWLK^LULQD�'UXJL�WLS�VLPXODFLMD�NRML�VPR�UD]PDWUDOL�ELR�MH�VD�SRaHWQLP�XVORYLPDX�NRMLPD�VPR�SRVHEQR�L]GYRMLOL�MHGQR��PDVLYQLMH��SUREQR�WHOR��3XWDQMHRVWDOLK�aHVWLFD�VX�]DGDWH�NDR�NUXCQLFH��WM��YUHGQRVW�QMLKRYRJ�HNVFHQWULFLWHWDMH�SRVWDYOMHQD�QD����3RaHWQH�SDUDPHWUH�WRJ�WHOD�VPR�PRJOL�SURL]YROMQR�GDPHQMDPR��0DVH�VYLK�RVWDOLK�aHVWLFD�X�VLVWHPX�VX�RVWDOH�LVWH�NDR�X�SUYRPGHOX��7DNYH�VLPXODFLMH�VPR�SRNUHWDOL�]D�UD]QH�GLVWULEXFLMH�YHOLNH�SROXRVH�NDR�L�]D�UD]QH�YUHGQRVWL�SRaHWQLK�SDUDPHWDUD�QDMPDVLYQLMHJ�WHOD��5H]XOWDWLSULND]DQL�X�RYRP�UDGX�GRELMHQL�VX�]D�YUHGQRVW�PDVH�SUYRJ�WHOD�RGP  ��������P  ������L�P  �������
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3UL�RYLP�YUHGQRVWLPD�PDVD�VX��L]�VLPXODFLMD�SRNUHWDQLK�]D�LVWHUDVSRGHOH�SRaHWQLK�YUHGQRVWL�YHOLNLK�SROXRVD��GRELMHQL�UD]OLaLWL�NUDMQML�SDUD�PHWUL�PDVLYQRJ�WHOD��8NROLNR�MH�SRaHWQD�PDVD�PDVLYQLMHJ�WHOD�ELOD�YH`D�WR�WHOR�MH�QD�NUDMX�VLPXODFLMH�LPDOR�YH`X�PDVX��1MX�MH�VWHNDR�QH�VDPRSRaHWQRP�UD]OLNRP��QHJR�L�YH`LP�EURMHP�VXGDUD��8VOHG�WRJ�YH`HJ�EURMDVXGDUD�VD�aHVWLFDPD�aLML�MH�HNVFHQWULFLWHW����PDVLYQR�WHOR�QD�NUDMX�VLPX�ODFLMH�LPD�L�PDQMX�YUHGQRVW�HNVFHQWULFLWHWD��.UDMQMH�YUHGQRVWL�YHOLNLK�SROX�RVD�VX�SULEOLCQR�LVWH�]D�ELOR�NRMX�SRaHWQX�PDVX�WLK�WHOD�3RNUHWDQH�VX�VLPXODFLMH�SUL�LVWLP�SRaHWQLP�YUHGQRVWLPD�PDVHPDVLYQLMHJ�WHOD�]D�UD]OLaLWH�GLVWULEXFLMH�YHOLNLK�SROXRVD��3RaHWQL�SDUDPHWULWHOD�VX�L]QRVLOL��P  ��������D  ����H  ������.RUL^`HQH�VX�GYH�UD]OLaLWH�GLV�WULEXFLMH��VWHSHQR�RSDGDMX`D�L�XQLIRUPQD�QD�LQWHUYDOX�[����]��0H_X�GREL�MHQLP�UH]XOWDWLPD�WLK�VLPXODFLMD�SRVPDWUDQD�MH�]DYLVQRVW�HNVFHQWULFLWHWD�RGPDVH�PDVLYQRJ�WHOD��'RELMHQL�JUDILFL�VX�SULND]DQL�QD�VOLFL���
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6D�JUDILND�VH�PRCH�YLGHWL�GD�VH��SUL�XQLIRUPQRM�GLVWULEXFLML�QD�LQWHU�YDOX�[����]��YHOLND�SROXRVD�WHOD�VPDQMXMH�NDNR�VH�RQR�VXGDUD�VD�aHVWLFDPD�0H_XWLP��SUL�GUXJRM�NRUL^`HQRM�GLVWULEXFLML��YUHGQRVW�YHOLNH�SROXRVH�UDVWHGR�RGUH_HQH�YUHGQRVWL��=DWLP�SRODNR�NUH`H�GD�SDGD�GRN�VH�QH�XVWDOL�QDQHNRM�YUHGQRVWL��3UL�LVWRM�UDVSRGHOL�WHOR�VH�VXGDUL�YL^H�SXWD�VD�aHVWLFDPD�SD�VDPLP�WLP�QD�NUDMX�VLPXODFLMH�LPD�YH`X�PDVX��2JUDQLaDYDMX`L�GD�VHWHOR�VXGDUD�VDPR�VD�aHVWLFDPD�NRMH�VH�QDOD]H�GDOMH�RG�]YH]GH��SR�MHGQDaLQL����PL�QHSRVUHGQR�SRYH`DYDPR�YUHGQRVW�YHOLNH�SROXRVH�WRJ�WHOD��0H_XWLP�NDGD�VH�MHGQRP�QD_H�X�VUHGLQL�LQWHUYDOD�[U���]��RQR�`H�LPDWL�aHVWLFH�L�QDPDQMRM�L�QD�YH`RM�XGDOMHQRVWL�RG�]YH]GH��6DPLP�WLP�GROD]L�GR�VWDELOL�]RYDQMD�YUHGQRVWL�YHOLNH�SROXRVH��=QDaL��PRCH�GR`L�GR�SRMDYH�PLJUDFLMHWHOD��WM��GR�NUHWDQMD�WHOD�RG�LOL�ND�]YH]GL�X�SRWUD]L�]D�PDWHULMDORP��=DNOMXaDN5D]PDWUDOL�VPR�0RQWH�.DUOR�VLPXODFLMX�DNUHFLMH�������HNVFHQWULaQLKaHVWLFD�NRMH�aLQH�SURWRSODQHWDUQL�GLVN��AHVWLFH�VH�VSDMDMX�QD�RVQRYX�VXGDUDQMLKRYLK�RUELWD�D�QH�QD�RVQRYX�JUDYLWDFLRQH�SHUWXUEDFLMH�QMLKRYRJ�NUHWDQMD�,]�UH]XOWDWD�VLPXODFLMD�SRNUHWDQLK�]D�WDNYH�SRaHWQH�XVORYH�GRELMDPR�GDEURM�VWYRUHQLK�SODQHWD�]DYLVL�RG�LQWHUYDOD�[���HPD[] L]�NRMLK�VH�ELUDMX�SRaHW�
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QH�YUHGQRVWL�HNVFHQWULFLWHWD�VYLK�aHVWLFD��3UL�YH`RM�YUHGQRVWL�HPD[ `H�QDVWDWLSODQHWDUQL�VLVWHP�VD�PDQMLP�EURMHP�WHOD��'RN�SUL�WRM�YUHGQRVWL�RG���QDV�WDQH�MHGQD�SODQHWD��SUL�YUHGQRVWL�RG�����`H�QDVWDWL���SODQHWD�EOLVNLK�PDVD�7DNR_H��X�]DYLVQRVWL�RG�WLSD�GLVWULEXFLMH�YHOLNLK�SROXRVD��YHOLND�SROXRVDQDVWDOLK�WHOD�]DYLVL�RG�PDVH�QD�UD]OLaLWH�QDaLQH��=D�VWHSHQX�UDVSRGHOXYHOLNLK�SROXRVD�YDCL�GD�`H�QDMPDVLYQLMD�WHOD�ELWL�QDMEOLCH�]YH]GL��7D�SRMDYDVH�PRCH�SULPHWLWL�L�NRG�SODQHWD�-XSLWHURYRJ�WLSD�X�6XQaHYRP�VLVWHPX��'UXJL�VNXS�VLPXODFLMD�MH�UD]PDWUDR�DNUHFLMX�VLVWHPD�RSLVDQRJ�VD�MHG�QLP�PDVLYQLP�SUREQLP�WHORP�XURQMHQLP�X�DQVDPEO�RVWDOLK�aHVWLFD�NRMHLPDMX�LVWX�PDVX�L�HNVFHQWULFLWHW����,]�UH]XOWDWD�VLPXODFLMD�GRELMHQLK�]D�WXYUVWX�SRaHWQLK�XVORYD��PL�GRELMDPR�GD�NUDMQMD�YUHGQRVW�HNVFHQWULFLWHWDPDVLYQRJ�WHOD�GRVWD�]DYLVL�RG�SRaHWQH�YUHGQRVWL�HNVFHQWULFLWHWD��0H_XWLP�WD�LVWD�YUHGQRVW��NDR�L�PDVD�WHOD��QH�]DYLVH�RG�GLVWULEXFLMH�SROXSUHaQLND�RU�ELWD�RVWDOLK�aHVWLFD��(NVFHQWULFLWHW�PDVLYQLMHJ�WHOD�RSDGD�VD�SRUDVWRP�PDVH�3ULPH`HQD�MH�SRMDYD�PLJUDFLMH�SODQHWH�RG�L�ND�]YH]GL��]DYLVQR�RG�SRaHWQRJSRORCDMD�SUREQH�aHVWLFH�X�RGQRVX�QD�RVWDOH�X�GLVNX���=DKYDOQRVW��#HOHR�ELK�GD�VH�SRVHEQR�]DKYDOLP�PRMLP�PHQWRULPD%UDQLPLUX�$FNRYL`X�L�GU�$OHNVDQGUX�%RJRMHYL`X��NRML�VX�PH�WRNRP�FHORJSURMHNWD�XVPHUDYDOL�X�WRNRYH�GDOMHJ�LVWUDCLYDQMD�L�QHVHELaQR�SRPDJDOL�7DNR_H�ELK�CHOHR�GD�VH�]DKYDOLP�PU�$QWXQX�%DODCX��WDNR_H�VD�,QVWLWXWD�]DIL]LNX��NRML�MH�XYHN�ELR�VSUHPDQ�GD�GHOL�VDYHWH�X�YH]L�SURJUDPHUVNRJ�GHODSRVOD��=DKYDOQRVW�LGH�L�-HOHQL�*UXML`��YR_L�VHPLQDUD�IL]LNH�X�,6�3HWQLFD�NDR�L�VYLPD�RVWDOLPD�NRML�VX�SRPDJDOL�X�RVWYDUHQMX�RYRJ�UDGD�
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ZDV�REVHUYHG��&ROOLVLRQ�RI�SDUWLFOHV�LV�WKH�RQO\�ZD\�IRU�WZR�SDUWLFOHV�WRFROODSVH�LQWR�RQH��:H�VSHHGHG�XS�WKH�VLPXODWLRQ�XVLQJ�DQ�DOJRULWKP�WKDWFUHDWHV�SDUWLFOHV�RQH�E\�RQH��7ZR�VSHFLDO�FDVHV�RI�DFFUHWLRQ�ZHUH�GHWDLOHGWDNHQ�LQWR�FRQVLGHUDWLRQ��,Q�WKH�ILUVW�FDVH��DOO�ERGLHV�KDYH�HTXDO�PDVVHVZKLOH�HFFHQWULFLWLHV�DQG�VHPL�PDMRU�D[HV�ZHUH�JLYHQ�E\�FHUWDLQ�GLVWULEX�WLRQV��,Q�WKH�VHFRQG�FDVH��WKH�YDOXHV�RI�HFFHQWULFLW\�DQG�WKH�VHPL�PDMRUD[LV�ZHUH�PDQXDOO\�JLYHQ�WR�D�VLQJOH�ERG\�WKDW�KDG�ODUJHU�PDVV�WKDQ�WKHRWKHUV��$OO�RI�WKH�RWKHU�SDUWLFOHV��ZKLFK�DUH�DGGHG�GXULQJ�WKH�VLPXODWLRQ�ZHUH�PRYLQJ�DURXQG�WKH�VWDU�LQ�FLUFOHV��7KH�VHPL�PDMRU�D[HV�RI�WKHVH�ERG�LHV�ZHUH�JLYHQ�E\�GLIIHUHQW�GLVWULEXWLRQV�
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