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 A(q, t | q′,t′)
2

.8�RSHUDWRUVNRP�IRUPDOL]PX�MH�JRUQMD�DPSOLWXGD�YHURYDWQR`H�SUHOD]DGDWD�X�VOHGH`HP�REOLNX

0LUMDQD�'LPLWULHYVND��������'HYHWH�EULJDGH�������XaHQLFD���UD]UHGD�*LPQD]LMH®%RUD�6WDQNRYL`¯�X%RUX0(1725,�-HOHQD�*UXML`��,63'U�$OHNVDQGDU%RJRMHYL`��,QVWLWXW�]DIL]LNX��=HPXQ
=%251,.�5$'29$����� ),=,.$��• ��



A(q, t | q′, t′) = 〈q, t | q′, t′〉 = 〈q′ |Û(t′ − t,t) | q〉JGH�MH�Û(t′ − t,t) HYROXFLRQL�RSHUDWRU�NRML�RSLVXMH�HYROXFLMX�VLVWHPD�RG�WUH�QXWND�W GR�WUHQXWND�W′��8�VOXaDMX�NRQ]HUYDWLYQLK�VLVWHPD��X�NRMLPD�YDCL]DNRQ�RGUCDQMD�HQHUJLMH���D�WDNDY�RYGH�SRVPDWUDPR��HYROXFLRQL�RSHUDWRU]DYLVL�VDPR�RG�YUHPHQD�WUDMDQMD�HYROXFLMH�7 = W′ − W��L�UDaXQD�VH�NDR�
JGH�MH�`  � K�π��SUL�aHPX�MH�K 3ODQNRYD�NRQVWDQWD��D Ĥ KDPLOWRQLMDQVLVWHPD��RGQRVQR�RSHUDWRU�NRML�RSLVXMH�HQHUJLMX�VLVWHPD�X�NYDQWQRM�PH�KDQLFL��8�RYRP�UDGX�̀ HPR�VH�EDYLWL�VLVWHPLPD�aLML�MH�KDPLOWRQLMDQ�VOHGH`HJREOLND

H = 1
2

⋅ q
.2 + V(q) ���

$OWHUQDWLYQL�]DSLV�NYDQWQH�WHRULMH��HNYLYDOHQWDQ�VD�RSHUDWRUVNLP��MHIXQNFLRQDOQL�IRUPDOL]DP�X�NRPH�VH�DPSOLWXGH�YHURYDWQR`H�GRELMDMX�VDEL�UDQMHP�GRSULQRVD�VYLK�PRJX`LK�HYROXFLMD��RGQRVQR�VYLK�PRJX`LK�WUDMHNWR�ULMD� NRMH� ]DGRYROMDYDMX� SRVPDWUDQH� JUDQLaQH� XVORYH� T(W) = T LT(W′) = T′ �)H\QPDQ�L�+LEEV��������)DMQPDQ�MH�DPSOLWXGX�YHURYDWQR`H�SUH�GVWDYLR�NDR�VOHGH`L�IXQNFLRQDO��SUHVOLNDYDQMH�RGUH_HQH�IXQNFLMH�X�EURM�

JGH�MH�H�L�`�6 RGUH_HQD�WHCLQD�NRMD�VH�GRGHOMXMH�VYDNRM�WUDMHNWRULML��GRSUL�QRV���D�6 GHMVWYR�WH�WUDMHNWRULMH�NRMH�VH�UDaXQD�NDR
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JGH�MH�/ ODJUDQCLMDQ��RGQRVQR�UD]OLND�L]PH_X�NLQHWLaNH�L�SRWHQFLMDOQH�HQ�HUJLMH��8�NRQ]HUYDWLYQLP�VLVWHPLPD�NRMH�RYGH�SRVPDWUDPR�L�QD�RVQRYX�UH�ODFLMH�����NRMD�RSLVXMH�KDPLOWRQLMDQ�VLVWHPD�GRELMDPR�ODQJUDQCLMDQ�VOHGH`HJREOLND
L = 1

2
⋅ q

.2 − V(q)

JGH��⁄� T.� SUHGVWDYOMD�NLQHWLaNX��D�9(T) SRWHQFLMDOQX�HQHUJLMX�
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8�UHODFLML�����L]UD]�∫[G µ] SUHGVWDYOMD�EHVNRQDaQL�YL^HVWUXNL�LQWHJUDONRML�SRGUD]XPHYD�VXPLUDQMH�GRSULQRVD�VYLK�WUDMHNWRULMD�T�W��VD�JUDQLaQLPXVORYLPD�T(W) = T L�T(W′) = T′��/DNR�PRCHPR�SRND]DWL�GD�MH�X�VOXaDMXVLVWHPD�NRMH�UD]PDWUDPR��RSLVDQLK�KDPLOWRQLMDQRP�REOLND������PHUD�REOLNDG µ = ΠW ∈ [W� W′]G T(W)�7UDMHNWRULMD�NRMH�]DGRYROMDYDMX�JUDQLaQH�XVORYH�LPD�EHVNRQDaQR�PQR�JR�]DWR�`HPR�VNXS�VYLK�WUDMHNWRULMD�NRMH�]DGRYDROMDYDMX�JUDQLaQH�XVORYHDSURNVLPLUDWL�VNXSRP�L]ORPOMHQLK�WUDMHNWRULMD�NRMH�VH�VDVWRMH�RG�1 GXCL�6YDNX�WUDMHNWRULMX�`HPR�SRVPDWUDWL�NDR�L]ORPOMHQX�OLQLMX�VD�SUHVHaQLP�WDaND�PD�T���T���…��T1¬����T1 JGH�YUHGQRVW TL LGH�SR�FHORM�UHDOQRM�RVL��VOLND����

2YDNYRP�GLVNUHWL]DFLMRP�VLVWHPD��GRSULQRV�VYDNH�WUDMHNWRULMH�VH�PRCHL]UDaXQDWL�NDR

JGH�MH�YUHPHQVNL�NRUDN�ε = 7Q �� D�Q ∈ 

��…�1 − �


 �0H_XWLP��VDELUDQMH�RVFLOXMX`LK�L]UD]D�H�L�`�6 L]�UHODFLMH�����MH�YHRPDVORCHQ�SURFHV��8�QXPHULaNLP�SURUDaXQLPD�IXQNFLRQDOQLK�LQWHJUDOD��DOL�L�XQHNLP�DQDOLWLaNLP�UDaXQLPD��QHSKRGQR�MH�L]YU^LWL�W]Y��9LN�URWDFLMX WHRULMH�RGQRVQR�QHSRKRGQR�MH�SRVPDWUDWL�HYROXFLMX�VLVWHPD�QH�X�UHDOQRP�YUHPHQX7 YH`�X�LPDJLQDUQRP�YUHPHQX�τ = L ⋅ 7��8�RYRP�VOXaDMX�MH�GRSULQRV�VYDNHWUDMHNWRULMH�GDW�SR]LWLYQLP�WHCLQVNLP�IDNWRURP�H− �K_ 6 �%DODC�������8�QHNLP�VOXaDMHYLPD��NRUL^`HQMHP�DSURNVLPDFLMD��PRCHPR�DQDOLWLaNLL]UDaXQDWL�IXQNFLRQDOQH�LQWHJUDOH��PH_XWLP�YHOLNL�MH�EURM�WHRULMD�NRG�NRMLK
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MH�UDaXQDQMH�RYLK�LQWHJUDOD�MHGLQR�PRJX`H�QXPHULaNLP�SXWHP��1XPHULaNLPHWRGL�]D�UDaXQDQMH�IXQNFLRQDOQLK�LQWHJUDOD�ED]LUDQL�VX�QD�GLUHNWQRP�L]UD�aXQDYDQMX�YL^HVWUXNLK��RGQRVQR�1�WRVWUXNLK�LQWHJUDOD�SR�SUHWKRGQRM�UHODFLML�0HWRGL�VH�UD]OLNXMX�SR�YHOLaLQL�RFHQMHQH�JUH^NH��.YDOLWHW�QHNRJ�PH�WRGD�RFHQMXMH�VH�QD�RVQRYX�YHOLaLQH�JUH^NH�L�YUHPHQD�XWUR^HQRJ�]DL]UDaXQDYDQMH�LQWHJUDOD��.DNR�MH�X�RYRP�VOXaDMX�SRWUHEQR�UH^DYDWL�LQWHJUDOHYLVRNH�GLPHQ]LRQDOQRVWL��QDMSRYROMQLMH�MH�NRULVWLWL�0RQWH�.DUOR�PHWRG�2G�VYLK�WUDMHNWRULMD�NRMLPD�VH�UDaXQD�IXQNFLRQDOQL�LQWHJUDO��QHNH�WUD�MHNWRULMH�GDMX�YH`L�D�QHNH�PDQML�GRSULQRV�DPSOLWXGL�YHURYDWQR`H��&LOM�RYRJLVWUDCLYDQMD�EL`H�NODVLILNDFLMD�WLK�WUDMHNWRULMD�SR�QMLKRYLP�UHODWLYQLP�GRSUL�QRVLPD�DPSOLWXGL�YHURYDWQR`H�X�]DYLVQRVWL�RG�QMLKRYH�L]ORPOMHQRVWL��.DNRVH�WUDMHNWRULMD�SRVPDWUD�NDR�L]ORPOMHQD�OLQLMD�VD�1�SRGHRQLK�WDaDND��QMHQXL]ORPOMHQRVW�PRCHPR�L]UDaXQDWL�EURMDQMHP�ORNDOQLK�PLQLPXPD�L�PDN�VLPXPD��%RJRMHYL`�HW� DO������D���,]ORPOMHQRVW�WUDMHNWRULMH�UDaXQD�VHVOHGH`RP�UHODFLMRP

2YLP�PHWRGRP�UDaXQDQMD�YUHGQRVW�L]ORPOMHQRVWL�WUDMHNWRULMH�VH�XYHNQDOD]L�X�LQWHUYDOX�[����]�L�WDNR�VPR�GRELOL�PRJX`QRVW�XSRUH_LYDQMD�L�NODVL�ILNDFLMH�WUDMHNWRULMD�QH]DYLVQR�RG�EURMD�SRGHRQLK�WDaDND�1��3ULPHQRP�UH�ODFLMH�����QD�JODWNH�IXQNFLMH�VD�NRQDaQLP�EURMHP�HNVWUHPXPD�L�NRG�NRMLKYDCL�GD�1�→�∞��GRELMD�VH�GD�MH�YUHGQRVW�QMLKRYH�L]ORPOMHQRVWL�

8�RYRP�UDGX�`HPR�SRND]DWL�GD�RYDNYH�IXQNFLMH�QH�GDMX�QLNDNDY�GR�SULQRV��X�NRQWLQXDOQRM�WHRULML��WM��1�→�∞���RGQRVQR�YHRPD�PDOL�GRSULQRVX�VOXaDMX�GLVNUHWQH�WHRULMH��]D�NRQDaQR�1��6YDNX�WUDMHNWRULMX�NDUDNWHUL^H�MHGQD�YUHGQRVW�L]ORPOMHQRVWL��GRN�VNXSWUDMHNWRULMD�VD�LVWLP�EURMHP�SRGHRQLK�WDaDND�NDUDNWHUL^H�IL]LaND�YUHGQRVW�L]�ORPOMHQRVWL�NRMD�SUHGVWDYOMD�VUHGQMX�YUHGQRVW�L]ORPOMHQRVWL�VYLK�WUDMHNWRULMDNRMH�VH�JHQHUL^X�QXPHULaNL�L�QMHQD�YUHGQRVW�]DYLVL�RG�PHWRGD�]D�JHQHULVDQMHWUDMHNWRULMD��)L]LaND�YUHGQRVW�L]ORPOMHQRVWL�UDaXQD�VH�VOHGH`RP�UHODFLMRP

JGH�MH�10&�X�QD^HP�VOXaDMX�EURM�0RQWH�.DUOR�X]RUDND�
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5HODWLYQL�GRSULQRV�WUDMHNWRULMD�DPSOLWXGL�YHURYDWQR`H�GRELMDPR�VDEL�UDQMHP�NROLaQLND�GRSULQRVD�L�DPSOLWXGH�YHURYDWQR`H�WUDMHNWRULMD�LVWH�L]ORP�OMHQRVWL��RGQRVQR�]D�VYH�WUDMHNWRULMH�LVWH�L]ORPOMHQRVWL�UDaXQD`HPR�UHODWLYQLGRSULQRV�VOHGH`RP�UHODFLMRP

JGH�MH�P�EURM�WUDMHNWRULMD�VD�LVWRP�L]ORPOMHQRVWL�1D�RVQRYX�L]ORPOMHQRVWL�L�GRSULQRVD�DPSOLWXGL�YHURYDWQR`H�RGUHGL`H�PR�WUDMHNWRULMH�NRMH�]QDaDMQR�XWLaX�QD�DPSOLWXGX�YHURYDWQR`H��D�VDPLP�WLPRPRJX`L`H�VH�EUCH�UDaXQDQMH�IXQNFLRQDOQLK�LQWHJUDOD�0HWRG8�RYRP�LVWUDCLYDQMX�NRUL^`HQ�MH��VD�PDQMLP�L]PHQDPD��RVQRYQL�0RQWH.DUOR�DOJRULWDP�UD]YLMHQ�QD�,QVWLWXWX�]D�IL]LNX�X�%HRJUDGX��6SHHGXS�VHULDO�QH�SDUDOHOQD�YHU]LMD����%RJRMHYL`�HW�DO������E���2VQRYQL�DOJRULWDP�JHQHUL^H�WUD�MHNWRULMH�NDR�L]ORPOMHQH�OLQLMH�VD�RGUH_HQLP�EURMHP�SRGHRQLK�WDaDND�1��VDSRaHWQLP�SRORCDMHP�T[�]�L�NUDMQMLP�SRORCDMHP�T[1]��7UDMHNWRULMD�VH�JHQ�HUL^H�WDNR�^WR�VH�SUYR�JHQHUL^H�WDaND�X�VUHGLQL��NDR�DULWPHWLaND�VUHGLQD�SR�aHWQRJ�L�NUDMQMHJ�SRORCDMD��D�]DWLP�VH�SRPR`X�*DXVRYH�UDVSRGHOH�JHQHUL^HVOXaDMQL�EURM�RNR�WH�WDaNH�VD�̂ LULQRP�σ���8�GUXJRP�NRUDNX�VH�JHQHUL^X�GYHWDaNH��SUYD�NDR�DULWPHWLaND�VUHGLQD�SRaHWQH�T[�]�L�VUHGQMH�T[�]��D�GUXJDNDR�DULWPHWLaND�VUHGLQD�VUHGQMH�T[�]�L�NUDMQMH�T[1]��]DWLP�VH�RNR�RYLK�WD�aDND�*DXVRYRP�UDVSRGHORP�SRQRYR�JHQHUL^X�VOXaDMQL�EURMHYL�VD�^LULQRP�σ��WDNR�VH�GRELMDMX�MR^�GYH�QRYH�WDaNH�WUDMHNWRULMH��VOLND����

� �7TT$
6P

M M��
�H[S
��¦ ¿¾½®̄­ �� !G ���

6OLND����,OXVWUDFLMD�JHQHULVDQMDWUDMHNWRULMD�PHWRGRPSULND]DQRP�X�DOJRULWPX6SHHGXS�VHULDO
)LJXUH���,OOXVWUDWLRQ�RI�WKHELVHFWLRQ�SURFHGXUH�IRUJHQHUDWLQJ�WUDMHFWRULHVXVHG�LQ�WKH�EDVLFDOJRULWKP

WW� 1 W  W
TT

T
T

� 

 1

TT� 
WW 7�� WW� 1 W  W
TT

T
T

� 

 1

TT� 
WW 7�� W �7��

=%251,.�5$'29$����� ),=,.$��• ����



8�VOHGH`HP�NRUDNX�VH�SR�LVWRP�SULQFLSX�L]PH_X�VYDNH�GYH�WDaNH�JH�QHUL^H�SR�MHGQD�QRYD��LWG��8NXSQR�LPD�V�NRUDND��JGH�MH�V�EURM�NRMLRGUH_XMH�EURM�1��RGQRVQR�1� �����7DNR_H��X�VYDNRP�NRUDNX�VH�PHQMD�^LU�LQD�JDXVLMDQD�X�*DXVRYRM�UDVSRGHOL�NDR
σ = √  p ⋅ T

2n  
�����

JGH�MH�Q�WUHQXWQL�EURM�NRUDND��Q�∈ ���…��V

 ��D�S�NRQVWDQWD��8�RYRP�LVWUD�CLYDQMX�JHQHULVD`H�VH�WUDMHNWRULMH�]D�UD]OLaLWH�YUHGQRVWL�NRQVWDQWH�S�L]PH_X��L���NDNR�EL�VH�XWYUGLOR�]D�NRMX�YUHGQRVW�NRQVWDQWH�VH�GRELMD�QDMPDQMDYUHGQRVW�JUH^NH�DPSOLWXGH�YHURYDWQR`H��D�WDNR�`HPR�L�LVSLWDWL�HILNDVQRVWDOJRULWPD��6WDQGDUGQL�ELVHNFLRQL�PHWRG�/HYL��&HSHUOH\��������PDOR�SUHRSLVDQ��NRULVWL�YUHGQRVW�SDUDPHWUD�S� ������8�RYRP�UDGX�`HPR�WDNR_H�SR�ND]DWL�GD�VH�]D�RYX�YUHGQRVW�SDUDPHWUD�GRELMD�QDMPDQMD�UHODWLYQD�JUH^ND�8�DOJRULWPX�VX�GRGDWH�IXQNFLMH�]D�UDaXQDQMH�L]ORPOMHQRVWL��UHODFLMD�����L�UHODWLYQRJ�GRSULQRVD�WUDMHNWRULMD��UHODFLMD������NDR�L�]D�UDaXQDQMH�IL�]LaNH�YUHGQRVWL�L]ORPOMHQRVWL�WUDMHNWRULMD��UHODFLMD�����

.DVQLMH�MH�L�L]YU^HQD�L]PHQD�RVQRYQRJ�DOJRULWPD�X�JHQHULVDQMX�WUDMHN�WRULMD��6SHHGXS�VHULDO����1RYH�WUDMHNWRULMH�VH�JHQHUL^X�QD�VOLaDQ�QDaLQ��SUYDWDaND�VH�JHQHUL^H�LVWR�NDR�X�SUHWKRGQRP�VOXaDMX��GRN�VH�RVWDOH�JHQHUL^X�QDGUXJDaLML�QDaLQ��8�GUXJRP�NRUDNX�VH�JHQHUL^X�GYH�WDaNH��SUYD�NDR�DULWPH�WLaND�VUHGLQD�L]PH_X�YUHGQRVWL�SRaHWQH�L�VUHGQMH�WDaNH��D�GUXJD�NDR�DULW�PHWLaND�VUHGLQD�YUHGQRVWL�VUHGQMH�L�NUDMQMH�WDaNH��5D]OLND�MH�X�WRPH�^WR�VH]D�YUHGQRVW�VUHGQMH�WDaNH�X]LPD�RQD�YUHGQRVW�SUH�JHQHULVDQMD�VOXaDMQRJEURMD�RNR�RYH�WDaNH��VOLND�����7DNR�VH�QDVWDYOMD�L�X�RVWDOLP�NRUDFLPD�3RND]D`HPR�GD�MH�L]PHQMHQD�YHU]LMD�DOJRULWPD��6SHHGXS�VHULDO���PQRJRPDQMH�HILNDVQD�RG�DOJRULWPD�NRML�NRULVWL�ELVHNFLRQL�PHWRG��DOL�GD�GDMH�^LULRSVHJ�L]ORPOMHQRVWL�WUDMHNWRULMD�2VQRYQD�L�L]PHQMHQD�YHU]LMD�DOJRULWPD�SULND]DQH�VX�X�'RGDWNX�

6OLND���,OXVWUDFLMD�JHQHULVDQMDWUDMHNWRULMD�PHWRGRPSULND]DQRP�X�DOJRULWPX6SHHGXS�VHULDO�
)LJXUH���,OOXVWUDWLRQ�RI�WUDMHFWRU\JHQHUDWLQJ�XVLQJ�PHWKRGUHSUHVHQWHG�LQ�WKHPRGLILHG�DOJRULWKP
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5H]XOWDWL�L�GLVNXVLMD
6YH�VLPXODFLMH�VX�XUD_HQH�]D�LVWH�SRaHWQH�SDUDPHWUH��NRRUGLQDWHD�=���L�E�=����YUHPH�7�=����%URM�0RQWH�.DUOR�X]RUND�L]QRVLR�MH�10&� ����VD�QDMYL^H�1� ������SRGHRQLK�WDaDND�QD�VYDNRM�WUDMHNWRULML�1D�VOLNDPD��D�L��E�SULND]DQD�MH�UHODWLYQD�GLVWULEXFLMD�WUDMHNWRULMD�X]DYLVQRVWL�RG�QMLKRYH�L]ORPOMHQRVWL�]D�1� ������*UDILN��D�GRELMHQ�MH�NRUL�^`HQMHP�DOJRULWPD�6SHHGXS�VHULDO��D�JUDILN��E�L]PHQMHQH�YHU]LMH�DOJRULWPD6SHHGXS�VHULDO���*UDILFL�SRND]XMX�GD�RED�DOJRULWPD�JHQHUL^X�QDMYL^H�WUD�MHNWRULMD�VD�L]ORPOMHQR^`X������PH_XWLP�RSVHJ�L]ORPOMHQRVWL�DOJRULWPD�6SH�HGXS�6HULDO��MH�YH`L�RG�RSVHJD�RVQRYQRJ�DOJRULWPD�]D������⋅�σ�

6OLND����'LVWULEXFLMD�WUDMHNWRULMD]D�DJRULWPH6SHHGXS�VHULDO�L6SHHGXS�VHULDO���3RaHWQL�SDUDPHWUL�D�=���L�E�=�����7�=���10&� �������1� �����'RELMHQL�UH]XOWDWL�D��$OJRULWDP6SHHGXS�VHULDO���VUHGQMD�L]ORPOMHQRVW
〈,〉�=�������±�������^LULQD�JDXVLMDQD�
σ�=��������±��������E��6SHHGXS�VHULDO���VUHGQMD�L]ORPOMHQRVW
〈-〉�=�������±��������^LULQD�JDXVLMDQD
σ�=��������±��������
)LJXUH���5HODWLYH�GLVWULEXWLRQ�RIMDJJHGQHVV�IRU�WKH�EDVLFDOJRULWKP��D��DQGPRGLILHG�DOJRULWKP��E��%RXQGDU\�FRQGLWLRQV�D�=���L�E�=�����7�=����WKHQXPEHU�RI�0RQWH�&DUORVDPSOHV�LV�10&� ����ZLWK�1�=�����SDUWLWLRQSRLQWV�IRU�HDFKWUDMHFWRU\��$OVR�VKRZQ�LVWKH�ILW�WR�D�*DXVVLDQ�D��EDVLF�DOJRULWKPDYHUDJH�MDJJHGQHVV
〈,〉�=�������±�������VWDQGDUG�GHYLDWLRQ
σ�=��������±�������E��IRU�PRGLILGHGDOJRULWKP�DYHUDJHMDJJHGQHVV
〈-〉�=�������±������VWDQGDUG�GHYLDWLR
σ�=��������±�������

D�

E�
=%251,.�5$'29$����� ),=,.$��• ����



1D�JUDILFLPD��D�L��E�SULND]DQH�VX�]DYLVQRVWL�UHODWLYQRJ�GRSULQRVD�DP�SOLWXGL�YHURYDWQR`H�WUDMHNWRULMD��δ��RG�L]ORPOMHQRVWL��*UDILN��D�MH�UH]XOWDWPHWRGD�JHQHULVDQMD�WUDMHNWRULMD�RVQRYQRJ�DOJRULWPD��GRN�MH�JUDILN��E�UH]XO�WDW�PHWRGD�JHQHULVDQMD�WUDMHNWRULMD�L]PHQMHQRJ�DOJRULWPD�6SHHGXS�VHULDO��6D�JUDILND�VH�YLGL�GD�X�RED�VOXaDMD�QDMYH`L�UHODWLYQL�GRSULQRV�DPSOLWXGLYHURYDWQR`H�GDMX�WUDMHNWRULMH�aLMD�MH�L]ORPOMHQRVW�-�=�����3ULPH`HQR�MH�L�GD�VH�^LULQD�*DXVRYH�NULYH�PHQMD�]DYLVQR�RG�EURMD�SR�GHRQLK�WDaDND�WUDMHNWRULMH�1��1D�JUDILNX���SULND]DQD�MH�RYD�]DYLVQRVW��6DJUDILND�MH�GRELMHQR�GD�VH�^LULQD�*DXVRYH�NULYH�VPDQMXMH�VUD]PHUQR�VD�
√1 ��.RQNUHWQR�]D�SDUDPHWUH�QD�JUDILNX�GRELMHQR�MH�σ�=����⋅� �√1 ��2YDNR

6OLND����=DYLVQRVW�UHODWLYQRJGRSULQRVD�WUDMHNWRULMDDPSOLWXGL�YHURYDWQR`H�RGL]ORPOMHQRVWL�WUDMHNWRULMH]D�DOJRULWPH6SHHGXS�VHULDO�L6SHHGXS�VHULDO���3RaHWQL�SDUDPHWUL�D�=���L�E�=����7�=���10&� ������1� ������)LWRYDQMHP�*DXVRYRPNULYRP�GRELMHQL�VXVOHGH`L�UH]XOWDWL��D��6SHHGXS�VHULDO�VUHGQMD�L]ORPOMHQRVW
〈-〉�=�������±�������^LULQD�JDXVLMDQD
σ�=��������±��������E��6SHHGXS�VHULDO��VUHGQMD�L]ORPOMHQRVW
〈-〉�=�������±�������^LULQD�JDXVLMDQD
σ�=��������±��������
)LJXUH���7KH�UHODWLYHFRQWULEXWLRQV�WRWUDQVLWLRQ�DPSOLWXGHV�IRUGLIIHUHQW�YDOXHV�RIMDJJHGQHVV�IRU�WKHEDVLF�DOJRULWKP��D��DQGPRGLILHG�DOJRULWKP��E��%RXQGDU\�FRQGLWLRQV��D�=���L�E�=����7�=���1XPEHU�RI�0RQWH�&DUORVDPSOHV�LV�10&�=�����ZLWK�1�=�����SDUWLWLRQSRLQWV�DW�HDFKWUDMHFWRU\��)LWV�WR*DXVVLDQ�GLVWULEXWLRQFXUYH�ZLWK�FHQWHU�DWMDJJHGQHVV�D��IRU�ED]LF�DOJRULWKDP�
〈-〉�=�������±�������VWDQGDUG�GHYLDWLRQ
σ�=��������±��������E��IRU�PRGLILHGDOJRULWKDP�
〈-〉�=�������±�������VWDQGDUG�GHYLDWLRQ
σ�=��������±��������
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GRELMHQD�]DYLVQRVW�JRYRUL�GD�]QDaDMDQ�GRSULQRV�DPSOLWXGL�YHURYDWQR`H�GDMXVDPR�RQH�WUDMHNWRULMH�aLMD�VH�YUHGQRVW�L]ORPOMHQRVWL�QDOD]L�X�RNROLQL�YUHG�QRVWL������8�VOXaDMX�1�→�∞�YLGLPR�GD�MHGLQL�QH�QXOWL�GRSULQRV�GDMX�VDPRWUDMHNWRULMH�aLMD�MH�L]ORPOMHQRVW������1D�RVQRYX�RYRJD�]DNOMXaXMHPR�GD�VXHILNDVQL�DOJRULWPL�]D�JHQHULVDQMH�WUDMHNWRULMD�RQL�NRML�LVNOMXaLYR�JHQHUL^XWUDMHNWRULMH�VD�L]ORPOMHQR^`X�����1D�VOLFL���SULND]DQD�MH�]DYLVQRVW�IL]LaNH�YUHGQRVWL�L]ORPOMHQRVWL�〈-〉�RGEURMD�SRGHRQLK�WDaDND�1�]D�DOJRULWDP�6SHHGXS�VHULDO��6D�JUDILND�VH�YLGL�GDVH�YHRPD�EU]R�XVSRVWDYOMD�NRQVWDQWQD�YUHGQRVW�L]ORPOMQRVWL�〈-〉� ������^WRRSHW�SRND]XMH�GD�VX�QDM]QDaDMQLMH�WUDMHNWRULMH��RQH�NRMH�QDMYL^H�GRSULQRVHDPSOLWXGL�YHURYDWQR`H��RQH�VD�L]ORPOMHQR^`X������$OJRULWPL�NRG�NRMLK�VHEUCH�XVSRVWDYOMD�NRQVWDQWQD�YUHGQRVW�IL]LaNH�L]ORPOMHQRVWL�VX�HILNDVQLML��MHU

6OLND����=DYLVQRVW�^LULQH�*DXVRYHNULYH�σ�RG�EURMDSRGHRQLK�WDaDND�]DDOJRULWDP�6SHHGXS�VHULDO�3RaHWQL�SDUDPHWUL�D�=���L�E�=����7�=���10&� ������1� �������=DYLVQRVW�GRELMHQDILWRYDQMHP��σ�=����⋅� �√1 �
)LJXUH���6WDQGDUG�GHYLDWLRQ�σYHUVXV�QXPEHU�RISDUWLWLRQ�SRLQWV�1�RIWUDMHFWRULHV�IRU�EDVLFDOJRULWKP�(GJH�FRQGLWLRQV�D�=���LE�=����7�=����QXPEHU�RI0RQWH�&DUOR�VDPSOHV�LV10&� ����ZLWK�JUHDWHVWQXPEHU�RI������SDUWLWLRQSRLQW�DW�HDFK�WUDMHFWRU\�)LWV�WR�σ�=����⋅� �√1 �

6OLND����=DYLVQRVW�IL]LaNHYUHGQRVWL�L]ORPOMHQRVWL
〈-〉�RG�EURMD�SRGHRQLKWDaDND�WUDMHNWRULMH�1�]DDOJRULWDP�6SHHGXS�VHULDO�3RaHWQL�SDUDPHWUL�D�=���L�E�=����7�=���10&� ������1� ������
)LJXUH���'HSHQGDQFH�RI�WKHDYHUDJH�YDOXH�RIMDJJHGQHVV�RQ�WKHQXPEHU�RI�WUDMHFWRU\SDUWLWLRQ�SRLQWV�1�IRU�WKH�EDVLF�DOJRULWKP�6WDUWLQJ�SDUDPHWHUV��D�=���L�E�=����7�=���QXPEHU�RI�0RQWH&DUOR�VDPSOHV�LV�10&� �����ZLWK�XS�WR�����SDUWLWLRQ�SRLQWV�IRUHDFK�WUDMHFWRU\�
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VH�NRG�QMLK�JHQHUL^X�VDPR�RQH�WUDMHNWRULMH�NRMH�GDMX�QH�QXOWL�GRSULQRV�DP�SOLWXGL�YHURYDWQR`H��SD�MH�WDNR�YUHPH�QMLKRYRJ�L]YU^DYDQMD�NUD`H��(ILNDVQRVW�DOJRULWDPD�NRML�VX�RYGH�NRUL^`HQL��SURYHUHQD�MH�L�QD�GUX�JDaLML�QDaLQ��3RVPDWUDQD�MH�]DYLVQRVW�UHODWLYQH�JUH^NH�DPSOLWXGH�RG�SDUD�PHWUD�S��RSLVDQRJ�X�UHODFLML������1D�VOLFL���SULND]DQD�MH�]DYLVQRVW�UHODWLYQHJUH^NH�DPSOLWXGH�YHURYDWQR`H�RG�YUHGQRVWL�SDUDPHWUD�S�]D�RED�DOJRULWPD�6D�JUDILND�VH�YLGL�GD�L]PHQMHQD�YHU]LMD�DOJRULWPD�GDMH�YH`X�JUH^NX�QHJRPHWRGD�JHQHULVDQMD�WUDMHNWRULMD�X�RVQRYQRP�DOJRULWPX��PH_XWLP��]D�YUHG�QRVW�SDUDPHWUD�S� ������RED�DOJRULWPD�GDMX�QDMPDQMX�UHODWLYQX�JUH^NX�=DNOMXaDN

8�RYRP�LVWUDCLYDQMX�NODVLILNRYDQH�VX�WUDMHNWRULMH�SR�L]ORPOMHQRVWL�LUHODWLYQRP�GRSULQRVX�DPSOLWXGL�YHURYDWQR`H��3RVPDWUDQL�DOJRULWPL�]D�JHQ�HULVDQMH�WUDMHNWRULMD�GDMX�WUDMHNWRULMH�UD]OLaLWLK�L]ORPOMHQRVWL��(ILNDVQLML��/HYLDOJRULWDP��YL^H�IDYRUL]XMH�WUDMHNWRULMH�aLMD�MH�L]ORPOMHQRVW�EOLVND������GRNPDQMH�HILNDVQLML�DOJRULWDP��6SHHGXS�VHULD���GDMH�^LUL�RSVHJ�L]ORPOMHQRVWL�=D� RED� DOJRULWPD� VPR� SRND]DOL� GD� WUDMHNWRULMH� VD� L]ORPOMHQR^`X����±�σ�GDMX�SUDNWLaQR�FHORNXSQL�GRSULQRV�UDaXQDWLP�DPSOLWXGDPD��7DNR_HSRND]DOL�VPR�GD�σ�WHCL�QXOL��RQGD�NDGD�MH�1�NRQDaQR�YHOLNL�EURM��XSUDYR]DWR�^WR�MH�L]ORPOMHQRVW�����IDYRUL]RYDQD��D�/HYLMHY�DOJRULWDP�MH�HILNDVQLMLRG�GUXJRJ��,]�RYRJ�WDNR_H�YLGLPR�GD�SRVWRML�PRJX`QRVW�VWYDUDQMD�MR^�HIL�NDVQLMLK�DOJRULWDPD�NRML�LVNOMXaLYLR�VWYDUDMX�WUDMHNWRULMH�L]ORPOMHQRVWL�����5D]PDWUDQMH�RYDNYLK�QRYLK�DOJRULWDPD�L�SURYHUX�QMLKRYH�HILNDVQRVWL�SODQL�UDPR�NDR�QDVWDYDN�RYRJD�LVWUDCLYDQMD�

6OLND����=DYLVQRVW�UHODWLYQH�JUH^NHDPSOLWXGH�YHURYDWQR`H�RGSDUDPHWUD�S�]D�DOJRULWPH6SHHGXS�VHULDO�L6SHHGXS�VHULDO���3RaHWQL�SDUDPHWUL�D�=���L�E�=�����7�=���10&� ������1� ������
)LJXUH���5HODWLYH�HUURU�RI�WUDQVLWLRQDPSOLWXGH�YHUVXVSDUDPHWHU�S�IRU�EDVLF�DQGPRGLILHG�DOJRULWKPV�3DUDPHWHU�S�JRHV�IURP��WR���ZLWK�VWHS�������7KHERXQGDU\�FRQGLWLRQV�D�=���L�E�=�����7�=���QXPEHU�RI�0RQWH�&DUORVDPSOHV�LV�10&� ����ZLWK������SDUWLWLRQ�SRLQWDW�HDFK�WUDMHFWRU\�
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=DKYDOQRVW��=DKYDOMXMHP�VH�VYRMLP�PHQWRULPD�-HOHQL�L�SURIHVRUX$OHNVDQGUX�%RJRMHYL`X��NRML�VX�PL�RGJRYDUDOL�QD�VYD�PRMD�SRVWDYOMHQD�SL�WDQMD��REMD^QMDYDOL�VYH�VWYDUL�NRMH�QH�UD]XPHP�L�SRND]DOL�PL�MHGQX�VDVYLPQRYX��GUXJDaLMX�L�L]X]HWQR�]DQLPOMLYX�VIHUX�IL]LNH��7DNR_H�VH�]DKYDOMXMHP$QWXQX�%DODCX�NRML�PL�MH�SRPRJDR�RNR�SURJUDPLUDQMD��NDR�L�,QVWLWXWX�]DIL]LNX�X�%HRJUDGX��L�9L^L�7DVL`X�L]�,QVWLWXWD�]D�EDNDU�X�%RUX��QDRPRJX`HQLP�UHVXUVLPD�]D�RVWYDULYDQMH�SURMHNWD��
/LWHUDWXUD

%DODC�$��������1RYD�UHNXU]LYQD�IRUPXOD�]D�IXQNFLRQDOQL�LQWHJUDO�X�NYDQW�QRM�PHKDQLFL��0DJLVWDUVNL�UDG��)L]LaNL�IDNXOWHW�8QLYHU]LWHWD�X�%HR�JUDGX)H\QPDQ�5��3���+LEEV�$��5��������4XDQWXP�0HFKDQLFV�DQG�3DWK�,QWH�JUDOV��1HZ�<RUN��0F*UDZ�+LOO%RJRMHYL`�$���%DODC�$���%HOL`�$������D��-DJJHGQHVV�RI�SDWK�LQWHJUDO�WUD�MHFWRULHV��3K\V��/HWW��$�����������%RJRMHYL`�$���%DODC�$���%HOL`�$������D��6\VWHPDWLFDOO\�$FFHOHUDWHG�&RQ�YHUJDQFH�RI�3DWK�,QWHJUDOV��3K\V��5HY��/HWW��������������&HSHUOH\�'��0��������5HY��0RG��3K\V�����������

0LUMDQD�'LPLWULHYVND
&ODVVLILFDWLRQ�RI�5HOHYDQW�3DWK�,QWHJUDO�7UDMHFWRULHV

7KH�SDWK�LQWHJUDO�IRUPDOLVP�LV�SRZHUIXO�WRRO�IRU�GHDOLQJ�ZLWK�TXDQ�WXP�WKHRULHV��8QIRUWXQDWHO\��RQO\�D�OLPLWHG�QXPEHU�RI�SUREOHP�FDQ�EH�DQD�O\WLFDOO\�VROYHG��$W�WKH�VDPH�WLPH�QXPHULFDO�WUHDWPHQW�RI�SDWK�LQWHJUDOV�LVJHQHUDOO\�FRPSXWDWLRQDOO\�GHPDQGLQJ��,Q�RUGHU�WR�GHYHORS�VLJQLILFDQWO\IDVWHU�DOJRULWKPV�LW�LV�QHFHVVDU\�WR�LQSXW�LQWR�WKHP�PRUH�DQDO\WLFDO�LQIRU�PDWLRQ�UHJDUGLQJ�WKH�JHQHUDO�SURSHUWLHV�RI�SDWK�LQWHJUDOV�DQG�SDUWLFXODUO\WKH�WUDMHFWRULHV�WKDW�JLYH�GRPLQDQW�FRQWULEXWLRQV�WR�WKHVH�REMHFWV��,Q�WKLVSDSHU�ZH�DQDO\]H�WKH�SURSHUWLHV�RI�D�QHZO\�LQWURGXFHG�FRQFHSW�¬�WKH�MDJ�JHGQHVV�RI�D�WUDMHFWRU\��DQG�XVH�LW�WR�FODVVLI\�WKH�UHODWLYH�FRQWULEXWLRQV�RIWUDMHFWRULHV�WR�TXDQWXP�PHFKDQLFDO�DPSOLWXGHV�FDOFXODWHG�XVLQJ�SDWK�LQWH�JUDOV��:H�VKRZ�WKDW�WKH�FODVVLILFDWLRQ�DFFRUGLQJ�WR�MDJJHGQHVV�-�LV�TXLWHUHOHYDQW�WR�WKLV�SUREOHP��DQG�WKDW�IRU�WKH�JHQHUDO�1�IROG�GLVFUHWL]HG�SDWKLQWHJUDO�WKH�FRQWULEXWLQJ�WUDMHFWRULHV�OLH�LQ�D�QDUURZ�LQWHUYDO�DURXQG�-� �����8VLQJ�QXPHULFDO�VLPXODWLRQV�ZH�VKRZ��WKDW�WKH�ZLGWK�RI�WKLV�LQWHUYDOVFDOHV�DV�σ�∝ �1�−����
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'RGDWDN��L]PHQMHQL�GHORYL�DOJRULWPD6SHHGXS�VHULDO
=D�SRWUHEH�LVWUDCLYDQMD�NRUL^`HQ�MH�RVQRYQL�DOJRULWDP�6SHHGXS�VHULDO�QHSDUDOHOQD�YHU]LMD���%RJRMHYL`�HW�DO������E��VD�PDQMLP�L]PHQDPD��3URPHQRP�PHWRGH�JHQHULVDQMD�WUDMHNWRULMD�QDaLQMHQH�VX�VOHGH`H�L]PH�QH�X�IXQNFLML�GLVWU��

x[0]=q[0];
x[two[s]]=q[two[s]];
  
for(n = 1; n  s; n++)
  {
    for(i = 0; i  two[n-1]; i++)
    {
           x[(1 + 2 * i) * two[s - n]]= 
           0.5 * (x[i * two[s - n + 1]] + 
           x[(1 + i) * two[s - n + 1]]);
    }
  } ����   for(n = 1; n  s; n ++) 
   {
      for(i = 0; i  two[n - 1]; i ++) 
      {   ���    
           q[(1 + 2 * i) * two[s - n]] = 
           0.5 * (x[i * two[s - n + 1]] + 
           x[(1 + i) * two[s - n + 1]]) + temp;���
       }
   }���'RGDW� MH� QRYL� QL]� x[two[s]]�NRML�LQLFLMDOL]XMH�VYH�YUHGQRVWLSRGHRQLK�WDaDND�WUDMHNWRULMH�NRMH�VH�QDOD]H�QD�SUDYRM�NRMD�VSDMD�SRaHWQL�LNUDMQML�SRORCDM��D�NDVQLMH�VH�RNR�RYLK�WDaDND�JXVRYRP�UDVSRGHORP�JHQHUL^HEURM�NRML�`H�SUHGVWDYOMDWL�NRQDaQL�SRORCDM�SRGHRQH�WDaNH�WUDMHNWRULMH��YUHG�QRVWL�SRORCDMD�WDaDND�WUDMHNWRULMH�GRELMD�QL]�q[two[s]]��8�IXQNFLML�PF�GRGDWH�VX�UHODFLMH�]D�UDaXQDQMH�L]ORPOMHQRVWL�WUDMHNWR�ULMH��
����• ��3(71,A.(�69(6.(��� '(2��,



���
izlom = 0;
      for( k = 1; k  (two[s]-1); k++)
      {
      if ((q[k] - q[k - 1]) * (q[k] - q[k+1]) > 0)

izlom=izlom+1;
      }
izlomljenost1=izlom/(two[s]-1);���,]ORPOMHQRVW�WUDMHNWRULMH�UDaXQD�VH�SR�UHODFLML������SURPHQOMLYD�L]ORPSUHGVWDYOMD�WUHQXWQL�EURM�ORNDOQLK�PLQLPXPD�L�PDNVLPXPD��GRN�SURPHQ�OMLYD�L]ORPOMHQRVW��SUHGVWDYOMD�NRQDaQX�YUHGQRVW�L]ORPOMHQRVWL�WUD�MHNWRULMH�L�QMHQD�YUHGQRVW�VH�QDOD]L�X�LQWHUYDOX�[����] �8�IXQNFLML�PF�WDNR_H�MH�GRGDW�GHR�]D�UDaXQ��DQMH�GRSULQRVD�DPSOLWXGLYHURYDWQR`H�VYDNH�WUDMHNWRULMH��NDR�L�]D�UDaXDQMH�IL]LaNH�YUHGQRVWL�L]ORP�OMHQRVWL��
void mc(double Nmc, double *q, double *amp, double
*err, int s, double *amp1, double *err1,double *bin,
double *izlombin)���
for(n = 0; n  s; n ++)
               {
                amp2[n]=0;
               }���
for(n = 0; n  s; n ++)
    {
        izlom=0;
        for(k = 2; k  two[n]; k ++)
              {
               if ((q[k]-q[k-1])*(q[k]-q[k+1])0) 
               izlom=izlom+1;
              }
        izlomljenost=izlom/(two[n]-1);
        niz[n]=izlomljenost; /*pomocni niz*/
        amp1[n] += izlomljenost*foverp;/*racunanje 
               fizicke vrednosti za izlomljenost*/
        err1[n] += izlomljenost*foverp
                   *izlomljenost*foverp;
        amp2[n]=foverp;
     }���
if (izlomljenost1zlombin[1]) 
bin[1]=bin[1]+amp2[s];
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for (k3=2; k3100; k3++)
    {
        if ((izlomljenost1izlombin[k3-1]) &&
            (izlomljenost1zlombin[k3]))
           bin[k3]=bin[k3]+amp2[s];
    }���3URPHQOMLYD�DPS�>V@�SUHGVWDYOMD�QL]�NRML�VH�QD�SRaHWNX�LQLFLMDOL]XMHQD�QXOX�D�NDVQLMH�GRELMD�YUHGQRVWL�IL]LaNH�L]ORPOMHQRVWL�]D�UD]OLaLW�EURM�QSRGHRQLK�WDaDND�QD�WUDMHNWRULMDPD��GRN�QL]�HUU�>V@�SUHGVWDYOMD�JUH^NXIL]LaNH�YUHGQRVWL�L]ORPOMHQRVWL��1L]�DPS�>V@�SUHGVWDYOMD�YUHGQRVW�GH�MVWYD�WUDMHNWRULMH�NRMD�VH�XSUDYR�JHQHULVDOD��1L]�L]ORPELQ>N�@�SUHG�VWDYOMD�YUHGQRVWL�L]ORPOMHQRVWL�SRGHOMHQH�X�ELQRYLPD�X�]DYLVQRVWL�RG�EURMDN��NRML�SUHGVWDYOMD�YHOLaLQX�ELQD��X�RYRP�VOXaDMX�N� �����GRN�QL]ELQ>N�@�GRELMD�YUHGQRVWL�]ELUD�GHMVWYD�VYLK�WUDMHNWRULMD�aLMD�YUHGQRVWL]ORPOMHQRVWL�XOD]L�X�RSVHJ�WRJ�ELQD��RGQRVQR�VDELUDQMHP�YUHGQRVWLDPS�>V@�]D�WUDMHNWRULMX�VD�RGUHGHQRP�L]ORPOMHQR^`X�GRELMD�VH�YUHGQRVWELQ>N�@�=D�VYH�YUHGQRVWL�SURPHQOMLYLK�NRMH�VH�UDaXQDMX�X�IXQNFLML�PF��SRWUHERMH�NDVQLMH�X�JODYQRP�GHOX�NRGD��PDLQ�����L]YU^LWL�XVUHGQMDYDQMH��
for(n = 1; n  s; n++) 
   {
     .
     .
     .������     amp1[n] /= (Nmc * amp[n]);
     err1[n] = (err1[n] / Nmc - amp1[n] * amp1[n]) 
               / (Nmc - 1);���
   }
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