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P(k) ∼ k−γ.2YDNYH�PUHCH�VX�QD]YDQH�VFDOH�IUHH��6)��PUHCH��1MLKRYD�NDUDNWHULV �WLND�MH�YHOLNL�EURM�aYRURYD�PDORJ�VWHSHQD�L�PDOL�EURM�aYRURYD�YHOLNRJ
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VWHSHQD��6FDOH�IUHH�PUHCH�VH�SRND]XMX�NDR�YUOR�XVSH^QH�X�PRGHOLUDQMX�GUX�^WYHQLK��ELROR^NLK��LQIUDVWUXNWXUQLK�L�PQRJLK�GUXJLK�PUHCD�8�RYRP�UDGX�LVSLWLYDOL�VPR�JOREDOQH�L�VWUXNWXUQH�RVRELQH�VFDOH�IUHHPUHCD�*HQHULVDQMH�VFDOH�IUHH�PUHCH�L�QMHQL�SDUDPHWUL5DG�QD�VFDOH�IUHH�PUHCDPD�SRaHOL�VPR�JHQHULVDQMHP�PUHCH�VD�VWHSH�QRP�UDVSRGHORP�SRYH]DQRVWL�NRULVWH`L�%DUDED^L�$OEHUW��%$��PRGHO��5HNDL�%DUDEDVL��������3UHPD�RYRP�PRGHOX�JHQHULVDQMH�6)�PUHCH�SRaLQMH�VDPDORP�UDQGRP�PUHCRP��QD�NRMX�VH�SUHIHUHQFLMDOQR�GRGDMX�QRYL�aYRURYL�5DQGRP�PUHCX�JHQHUL^HPR�WDNR�̂ WR�QR aYRURYD�SRYHCHPR�PH_XVREQRVD�YHURYDWQR`RP�S��RGQRVQR�YHURYDWQR`D�SRYH]LYDQMD�VYDND�GYD�RG�GDWLKQR aYRURYD�MH�MHGQDND�S��=DWLP�X�VYDNRP�VOHGH`HP�WUHQXWNX�X�PUHCXXYRGLPR�SR�MHGDQ�QRYL�aYRU��WDNR�GD�MH�X�WUHQXWNX�W�YHOLaLQD�PUHCH�MHG�QDND�QR + W��6YDNL�QRYL�aYRU�VH�SRYH]XMH�VD�WDaQR�P�YH`�SRVWRMH`LK�aYR�URYD��GDNOH��EURM�YH]D�VH�X�VYDNRP�WUHQXWNX�SRYH`D�]D�P��3RYH]LYDQMH�VHYU^L�SUHIHUHQFLMDOQR��^WR�]QDaL�GD�MH�YHURYDWQR`D�SRYH]LYDQMD�VD�N�WLP�aYR�URP�SURSRUFLRQDOQD�QMHJRYRP�VWHSHQX�VN �WM��EURMX�YH]D�VD�GUXJLP�aYRUR�YLPD��L�L]QRVL�VN � ΣLVL��JGH�MH�ΣLVL ]ELU�VWHSHQL�VYLK�aYRURYD�X�WUHQXWQRMPUHCL��3UHIHUHQFLMDOQLP�SRYH]LYDQMHP�QRYLK�aYRURYD�PUHCD�GRELMD�VFDOH�IUHH�UDVSRGHOX�SRYH]DQRVWL�3(N) ∼ N−γ���VOLND�����9UHGQRVWL�NRHILFLMHQWD
γ NRMH�VPR�GRELOL�X�JHQHULVDQLP�PUHCDPD�SULSDGDMX�LQWHUYDOX��������������,QDaH��YH`LQD�UHDOQLK�VFDOH�IUHH�PUHCD�LPD�YUHGQRVW�NRHILFLMHQWD�γ X�LQWHU�YDOX������]� 6OLND����/RJ�ORJ�JUDILN�UDVSRGHOHSRYH]DQRVWL�3�N��QDJHQHULVDQRM�VFDOH�IUHHPUHCL�YHOLaLQH�Q  �������RVWDOL�SDUDPHWUL�PUHCH�VXQR  �����S  ������P  ���3ULND]DQD�MH�L�ILWRYDQDIXQNFLMD�\ = F [−γ��F  ����������γ  ����������

)LJXUH����6FDOH�IUHH�GHJUHHGLVWULEXWLRQ�3�N��ILWWHG�WRWKH�IXQFWLRQ��\ = F [−γ LVVKRZQ�RQ�ORJ�ORJ�SORW��F  ����������
γ  ����������7KH�QHWZRUN�VL]H�LV�Q  � ��������RWKHUSDUDPHWHUV�DUH�QR  � �����S  ������P  ���
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5DVWRMDQMH�L]PH_X�GYD�aYRUD�X�PUHCL�SUHGVWDYOMD�QDMPDQML�EURM�NRUDND�SUHOD]DND�VD�aYRUD�QD�aYRU��SRWUHEQLK�GD�EL�VH�VWLJOR�RG�MHGQRJ�GR�GUXJRJaYRUD��AYRURYL�aLMH�MH�PH_XVREQR�UDVWRMDQMH�MHGDQ��QD]LYDMX�VH�VXVHGQLaYRURYL�6UHGQMH�UDVWRMDQMH�L]PH_X�GYD�aYRUD�X�PUHCL�QD]LYDPR�SROXSUHaQLNPUHCH�LOL�VPDOO�ZRUOG�NRHILFLMHQW��=DYLVQRVW�VPDOO�ZRUOG�NRHILFLMHQWD�RGYHOLaLQH�PUHCH�MH�ORJDULWDPVND��5HND�L�%DUDEDVL��������VOLND����L�PRCH�VHILWRYDWL�QD�IXQNFLMX�\ = DU + EU OQ [�6YH�GREUR�SRYH]DQH�PUHCH�VH�RGOLNXMX�PDORP�YUHGQR^`X�VPDOO�ZRUOGNRHILFLMHQWD��3ULPHU�WDNYLK�PUHCD�MH�PUHCD�OMXGVNLK�SR]QDQVWDYD��0DQQD

�������X�NRMRM�VX�OMXGL�SUHGVWDYOMHQL�aYRURYLPD��D�QMLKRYD�SR]QDQVWYD�YH]D�PD�L]PH_X�aYRURYD��3ROXSUHaQLN�RYH�PUHCH��JUXER��L]QRVL�^HVW��RGQRVQR�X�SURVHNX��ELOR�NRMD�GYD�aRYHND�QD�VYHWX�VX�±^HVW�SR]QDQLND�GDOHNR±�-R^�MHGDQ�RG�]QDaDMQLK�JOREDOQLK�SDUDPHWDUD�PUHCH�MH�NODVWHULQJ�NRH�ILFLMHQW�L��NDR�^WR�LPH�QDJRYH^WDYD��JRYRUL�R�NODVWHULVDQRVWL��RGQRVQR��VWH�SHQX�JUXSLVDQRVWL�PUHCH��.ODVWHULQJ�NRHILFLMHQW�VH�UDaXQD�NDR�VUHGQMLRGQRV�EURMD�SRVWRMH`LK�L�EURMD�PRJX`LK�YH]D�PH_X�SUYLP�VXVHGLPD�VYDNRJaYRUD��D�UDaXQD�VH�SRPR`X�L]UD]D��Q WLVL (VL −��) � � ��JGH�MH�Q EURM�aYRURYDX�PUHCL��VL VWHSHQ�L�WRJ�aYRUD��D�WL EURM�YH]D�PH_X�VXVHGLPD�L�WRJ�aYRUD�RGQRVQR�EURM�±WURXJORYD±
�X�NRMLPD�MH�VDGUCDQ�L�WL�aYRU��9UHGQRVW�NODVWHU�LQJ�NRHILFLMHQWD�VWHSHQR�RSDGD�VD�SRYH`DQMHP�EURMD�aYRURYD�X�PUHCL��5HNDL�%DUDEDVL�������L�VWRJD�VPR�MH�ILWRYDOL�QD�IXQNFLMX�\ = DF [EF �VOLND����

�3UHFL]QLMH�R�SRMPX�WURXJDR��X�VOHGH`HPSRJODYOMX

6OLND����=DYLVQRVW�VPDOO�ZRUOGNRHILFLMHQWD�RG�YHOLaLQHPUHCH��ILWRYDQD�QDIXQNFLMX\ = VXEU + EU OQ [��DU  ����������EU  �����������3DUDPHWUL�PUHCH�VX�QR  �����S  ������P  ���D�YUHGQRVWL�VX�GRELMHQHXVUHGQMDYDQMHP�UH]XOWDWDVD�aHWLUL�UD]OLaLWH�PUHCH�
)LJXUH����6PDOO�ZRUOG�FRHIILFLHQWGHSHQGHQFH�RQ�WKHQHWZRUN�VL]H�ILWWHG�WR�WKHIXQFWLRQ\ = VXEU + EU OQ [��DU  ����������EU  �����������1HWZRUN�SDUDPHWHUV�DUHQR  �����S  ������P  ���'DWD�RQ�WKH�SORW�DUHPHDQ�YDOXHV�REWDLQHG�RQIRXU�GLIIHUHQW�QHWZRUNV�
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%URM�YH]D�P NRMH�VH�GRGHOMXMX�QRYRP�aYRUX�SUL�XYR_HQMX�X�PUHCXXWLaH�QD�SRYH]DQRVW�aYRURYD�X�YH]L��D�VDPLP�WLP�L�QD�QMLKRYR�VUHGQMH�UDV�WRMDQMH�¬�SROXSUHaQLN��NDR�L�QD�NODVWHULQJ�NRHILFLMHQW��=DWR�VX�NRHILFLMHQWLDU��EU��DF L�EF L]�SUHWKRGQLK�IXQNFLMD�]DYLVQL�RG�EURMD�YH]D�P QRYRJ�aYRUDSUL�XYR_HQMX�X�PUHCX�3UL�UD]PDWUDQMX�]DYLVQRVWL�NRHILFLMHQDWD�RG�P LVNOMXaXMHPR�VOXaDM�P  ���]ERJ�QMHJRYH�RVRELQH�GD�VH�SUL�GRGDYDQMX�QRYLK�aYRURYD�X�PUHCX��]D�UD�]OLNX�RG�VOXaDMHYD�NDGD�MH�P ³ ���QH�PRJX�QDSUDYLWL�]DWYRUHQH�SXWDQMH�RGQRVQR�NRQWXUH��^WR�GDOMH�LPD�VSHFLILaDQ�XWLFDM�QD�YUHGQRVWL�SROXSUHaQLNDL�NODVWHULQJ�NRHILFLMHQWD�.DGD��SUL�LVWRM�YHOLaLQL�PUHCH��SRYH`DYDPR�P��PUHCD�SRVWDMH�SRYH]D�QLMD��VWRJD�SRVWDMH�ODN^H�VWL`L�RG�MHGQRJ�aYRUD�GR�GUXJRJ��SD�VH�SROXSUHaQLNPUHCH�VPDQMXMH��7R�QDP�SRND]XMX�L�NRHILFLMHQWL�]DYLVQRVWL�SROXSUHaQLND�RGYHOLaLQH�PUHCH��aLMH�YUHGQRVWL�PRQRWRQR�RSDGDMX�VD�SRYH`DQMHP�YUHGQRVWLP��=DYLVQRVW�NRHILFLMHQWD�DU(P) QDMEROMH�ILWXMH�QD�OLQHDUQX�IXQNFLMX\ = DU� − DU� [ �VOLND�����D�EU(P) QD�VWHSHQX�IXQNFLMX�\ = EU� + EU� [−EU� �VOL�ND����9UHGQRVW�NODVWHULQJ�NRHILFLMHQWD�]D�LVWX�YHOLaLQX�PUHCH�UDVWH�VD�SRYH�`DQMHP�YUHGQRVWL�P��,SDN��QDJLE�JUDILND�]DYLVQRVWL�NODVWHULQJ�NRHILFLMHQWDRG�YUHGQRVWL�PUHCH�VH�PRCH�VPDWUDWL�LVWLP�]D�VYH�P��=DWR�YUHGQRVW�NRHIL�FLMHQWD�DF UDVWH�VD�SRYH`DQMHP�YUHGQRVWL�P� SD�VPR�]DYLVQRVW�DF(P) ILWRYDOLQD�HNVSRQHQFLMDOQX�IXQNFLMX�\ = DF� HDF� [ �VOLND�����GRN�VH�YUHGQRVW�NRHIL�FLMHQWD�EF PRCH�DSURNVLPLUDWL�NRQVWDQWRP�X�RGQRVX�QD�P �VOLND����

6OLND����/RJ�ORJ�JUDILN�]DYLVQRVWLNODVWHULQJ�NRHILFLMHQWD�RGYHOLaLQH�PUHCH��ILWRYDQHQD�\ = DF[−EF��DF� ����������EF� �����������3DUDPHWUL�PUHCH�VX�QR� �����S� ������P� ����D�YUHGQRVWL�VXGRELMHQH�XVUHGQMDYDQMHPUH]XOWDWD�VD�GHVHWUD]OLaLWLK�PUHCD�
)LJXUH����&OXVWHULQJ�FRHIILFLHQWGHSHQGHQFH�RQ�WKHQHWZRUN�VL]H�ILWWHG�WR�WKHIXQFWLRQ�\�=�DF[−EF�LVVKRZQ�RQ�ORJ�ORJ�SORW�DF� ����������EF� ������������1HWZRUNSDUDPHWHUV�DUH�QR� ����S� ������P� ����'DWD�RQWKH�SORW�DUH�PHDQ�YDOXHVREWDLQHG�RQ�WHQ�GLIIHUHQWQHWZRUNV�
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6OLND����=DYLVQRVW�NRHILFLMHQWD�DU�RG�EURMD�YH]D�P�QRYRJ�aYRUD��ILWRYDQD�QD�OLQHDUQXIXQNFLMX�\�=�DU��−�DU��[��DU�� �����������DU�� ����������
)LJXUH����P�GHSHQGHQFH�RI�DU�FRHIILFLHQW�ILWWHG�WR�WKH�IXQFWLRQ�\�=�DU��−�DU��[��DU�� ����������DU�� ����������

6OLND����=DYLVQRVW�NRHILFLMHQWD�EU�RG�EURMD�YH]D�P�QRYRJ�aYRUD��ILWRYDQD�QD�IXQNFLMX\�=�EU��+�EU��[−EU���EU�� �����������EU�� �����������EU�� ���������
)LJXUH����P�GHSHQGHQFH�RI�EU�FRHIILFLHQW�ILWWHG�WR�WKH�IXQFWLRQ�\�=�EU��+�EU��[−EU���EU�� ����������EU�� �����������EU� ���������
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6OLND����6HPLORJ�JUDILN�]DYLVQRVWL�NRHILFLMHQWD�DF�RG�EURMD�YH]D�P�QRYRJ�aYRUD��ILWRYDQHQD�IXQNFLMX�\�=�DF��HDF��[��DF�� ���������DF�� ����������
)LJXUH����P�GHSHQGHQFH�RI�DF�FRHIILFLHQW�ILWWHG�WR�WKH�IXQFWLRQ�\�=�DF��HDF��[�LV�VKRZQ�RQVHPLORJ�SORW��DF�� ���������DF�� ����������

6OLND����=DYLVQRVW�NRHILFLMHQWD�EF�RG�EURMD�YH]D�P�QRYRJ�aYRUD��ILWRYDQD�QD�NRQVWDQWQX�IXQNFLMX¬�GRELMHQD�YUHGQRVW�MH�EF� ����������
)LJXUH����P�GHSHQGHQFH�RI�EF�ILWWHG�WR�WKH�FRQVWDQW�IXQFWLRQ�¬�REWDLQHG�YDOXH�LV�EF� ���������
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3RGVWUXNWXUH�VFDOH�IUHH�PUHCH
8�SUHWKRGQRP�SRJODYOMX�VPR�LVSLWLYDOL�JOREDOQH�NDUDNWHULVWLNH�PUHCD�D�VDGD�`HPR�VH�RNUHQXWL�ND�VWUXNWXUQRP�VDVWDYX��3RYH]DQH�SRGVNXSRYHaYRURYD
�PUHCH�QD]LYDPR�SRGVWUXNWXUDPD�L�RQH�NDUDNWHUL^X�PUHCX�QD�OR�NDOQRP�QLYRX�8�LVSLWLYDQMX�VWUXNWXUQRJ�VDVWDYD�VFDOH�IUHH�PUHCD�RJUDQLaLOL�VPR�VHQD�SRGVWUXNWXUH�VDVWDYOMHQH�RG�WUL�aYRUD��6�RE]LURP�GD�VYL�aYRURYL�X�SRG�VWUXNWXUL�PRUDMX�ELWL�SRYH]DQL��GLUHNWQR�LOL�LQGLUHNWQR��¬�SRVWRMH�GYD�REOLNDSRGVWUXNWXUD�YHOLaLQH�WUL��=YD`HPR�LK�±WURXJDR±�L�±NUDN±��VOLND����

=DYLVQRVW�EURMD�SRMDYOMLYDQMD�WURXJORYD�7�RG�YHOLaLQH�PUHCH�Q�VPR�IL�WRYDOL�QD�IXQNFLMX�\�=�DW�(OQ�[)EW��VOLND�����D�]DYLVQRVW�EURMD�SRMDYOMLYDQMDNUDNRYD�.�RG�YHOLaLQH�PUHCH�Q�QD�IXQNFLMX�\�=�DN�[�OQ[��VOLND������,QWXLFLMX]D�REOLNH�RYLK�IXQNFLMD�VWHNOL�VPR�SRPR`X�UDGD�'DQLOD�6HUJLMD�NRML�VH�EDYLSUREOHPDWLNRP�SRGVWUXNWXUD�QD�PUHCDPD��NRMH�]D�UD]OLNX�RG�QD^LK�LPDMXXVPHUHQH��MHGQRVPHUQH��YH]H��6HUJL�������8�VOXaDMX�P� ����SUL�UDVWX�PUHCH�VH�QH�GRELMDMX�QRYL�WURXJORYL��]DWRMH�YUHGQRVW�EURMD�WURXJORYD�7�NRQVWDQWQD�]D�VYDNX�YHOLaLQX�PUHCH�L�MHGQDNDMH�EURMX�WURXJORYD�X�SRaHWQRM�UDQGRP�PUHCL��6WRJD�MH�]D�VOXaDM�P� ���YUHG�QRVW�NRHILFLMHQWD�EW�MHGQDND�QXOL��D�YUHGQRVW�DW�QHPD�VYUKH�RGUH_LYDWL��MHUSRWLaH�RG�UDQGRP�RVRELQD�SRaHWQH�PUHCH�L�QHPD�QLNDNYRJ�GRGLUD�VD�SUHI�HUHQFLMDOQLP�SRYH]LYDQMHP�QRYLK�aYRURYD�X�PUHCL��RGQRVQR�VFDOH�IUHH�NRQ�FHSWRP�.DGD�SRYH`DYDPR�EURM�YH]D�P�NRMH�VH�GRGHOMXMX�QRYRP�aYRUX��SR�YH`DYD�VH�XNXSDQ�EURM�YH]D�X�PUHCL��D�VWRJD�L�EURM�WURXJORYD�L�NUDNRYD�SD�]DWR�SRVWRML�]DYLVQRVW�NRHILFLMHQDWD�L]�SUHWKRGQLK�IXQNFLMD�RG�EURMD�YH]DP�QRYRJ�aYRUD��=DYLVQRVW�YUHGQRVWL�NRHILFLMHQWD�DW(P)�MH�ILWRYDQD�QD�VWH�SHQX�IXQNFLMX�\�=�DN��+�DW��[DW���VOLND������]DYLVQRVW�EW(P)�NRQYHUJLUD�NDQHNRM�YUHGQRVWL��SD�VPR�MH�]DWR�ILWRYDOL�QD�IXQNFLMX� \�=�EW��(��−�[−E�W�)�EW��VOLND� ����� GRN� VPR� ]DYLVQRVW� DN(P)� ILWRYDOL� QD� VWHSHQX� IXQNFLMX\�=�DN��+�DN��[D�N���VOLND�����


�=D�VYDND�GYD�aYRUD�L]SRGVNXSD�SRVWRML�GLUHNWDQLOL�LQGLUHNWDQ�SXW�NRML�LKSRYH]XMH

6OLND����9UVWH�SRGVWUXNWXUDYHOLaLQH�WUL�
)LJXUH����7\SHV�RI�WKUHH�VL]HGVXEVWUXFWXUHV�¬�WULDQJOHDQG�DUF�
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6OLND����=DYLVQRVW�EURMD�WURXJORYD�RG�YHOLaLQH�PUHCH��ILWRYDQD�QD�IXQNFLMX�\�=�DW�(OQ�[)EU�DW� ������������EW� ������������3DUDPHWUL�PUHCH�VX�QR� �����S� ������P� ����YUHGQRVWL�VXGRELMHQH�XVUHGQMDYDQMHP�UH]XOWDWD�VD�����UD]OLaLWLK�PUHCD�
)LJXUH����'HSHQGHQFH�RI�WKH�QXPEHU�RI�WULDQJOHV�RQ�WKH�QHWZRUN�VL]H�ILWWHG�WR�WKHIXQFWLRQ�\�=�DW�(OQ�[)EU��DW� ������������EW� ������������1HWZRUN�SDUDPHWHUV�DUH�QR� ����S� ������P� ����'DWD�RQ�WKH�SORW�DUH�PHDQ�YDOXHV�REWDLQHG�RQ�����GLIIHUHQW�QHWZRUNV�

6OLND�����=DYLVQRVW�EURMD�NUDNRYD�RG�YHOLaLQH�PUHCH��ILWRYDQD�QD�IXQNFLMX�\�=�DN�OQ[��DN ������������3DUDPHWUL�PUHCH�VX�QR� �����S� ������P� ����D�YUHGQRVWL�VX�GRELMHQHXVUHGQMDYDQMHP�UH]XOWDWD�VD�����UD]OLaLWLK�PUHCD�
)LJXUH�����'HSHQGHQFH�RI�WKH�QXPEHU�RI�DUFV�RQ�WKH�QHWZRUN�VL]H�ILWWHG�WR�WKH�IXQFWLRQ\�=�DN�OQ[��DN� ������������1HWZRUN�SDUDPHWHUV�DUH�QR� �����S� ������P� ����'DWD�RQWKH�SORW�DUH�PHDQ�YDOXHV�REWDLQHG�RQ�����GLIIHUHQW�QHWZRUNV�
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6OLND�����=DYLVQRVW�NRHILFLMHQWD�DW�RG�EURMD�YH]D�P�QRYRJ�aYRUD��ILWRYDQD�QD�IXQNFLMX\�=�DW��+�DW��[DW���DW�� ����������DW�� ������������DW�� ���������
)LJXUH�����P�GHSHQGHQFH�RI�DW�FRHIILFLHQW�ILWWHG�WR�WKH�IXQFWLRQ�\�=�DW��+�DW��[DW���DW�� ����������DW�� ������������DW�� ���������

6OLND�����=DYLVQRVW�NRHILFLMHQWD�EW�RG�EURMD�YH]D�P�QRYRJ�aYRUD��ILWRYDQD�QD�IXQNFLMX\�=�EW��(��−�[−EW�)�EW���EW�� ����������EW�� ���������EW�� ���������
)LJXUH�����P�GHSHQGHQFH�RI�EW�FRHIILFLHQW�ILWWHG�WR�WKH�IXQFWLRQ�\�=�EW��(��−�[−EW�)�EW���EW� ����������EW�� ���������EW�� ���������
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+HXULVWLaND�RFHQD�EURMD�SRGVWUXNWXUD�X�PUHCL8�SUHWKRGQRP�SRJODYOMX�VPR�RGUH_LYDOL�WDaDQ�EURM�SRMDYOMLYDQMD�SRG�VWUXNWXUD�YHOLaLQH�WUL��X�]DYLVQRVWL�RG�SDUDPHWDUD�VFDOH�IUHH�PUHCH��YHOLaLQHPUHCH�L�EURMD�YH]D�NRML�VH�GRGDMX�QRYRP�aYRUX��=D�WR�MH�ELOR�SRWUHEQR�]DVYDNL�aYRU�L�PUHCH�SUHEURMDWL�EURM�WURXJORYD�WL�L�NUDNRYD�NL�NRMH�SUDYL�VDGUXJLP�aYRURYLPD��D�]DWLP�XUDaXQDWL�X�XNXSDQ�]ELU�WURXJORYD�7��RGQRVQRNUDNRYD�.��SR�IRUPXODPD�
T = ∑ 

i = 1

ti
3

,  K = ∑ 

i = 1

ki

3
.

'RSULQRVL�WL��L�NL��]ELURYLPD�7�L�.�VX�WUH`LQH�EURMD�WURXJORYD��RGQRVQRNUDNRYD��NRMH�IRUPLUD�aYRU��MHU�VH�LVWL�WURXJDR��RGQRVQR�NUDN��XUDaXQDYD�WULSXWD�¬�NRG�WUL�aYRUD�NRML�JD�aLQH�3LWDQMH�NRMH�VH�SRVWDYOMD��L�QD�NRMH�`HPR�SRNX^DWL�GD�GDPR�RGJRYRU�MH��'D�OL�PRCHPR�RFHQLWL�EURM�WURXJORYD�L�NUDNRYD�X�VFDOH�IUHH�PUHCL�EUR�MDQMHP��L��VDPR�SR�RGUH_HQLP�aYRURYLPD"�7LPH�ELVPR�X^WHGHOL�YUHPH��MHUQH�ELVPR�SUHWUDCLYDOL�WURXJORYH�L�NUDNRYH�]D�VYH��YH`�VDPR�]D�RGUH_HQLSURFHQDW�aYRURYD��^WR�MH�]QDaDMQD�X^WHGD��SRJRWRYR�]D�PUHCH�NRMH�EURMHVWRWLQH�KLOMDGD�aYRURYD��NDR�^WR�VX�,QWHUQHW�LOL�:RUOG�:LGH�:HE�.DGD�QD�PUHCL�YHOLaLQH�Q�L]DEHUHPR�RGUH_HQL�SRGVNXS�6�aYRURYD�WDNRGD�MH�|6|Q �=�T�L�]D�VYDNL�RG�WLK�TQ�aYRURYD�SUHEURMLPR�WURXJORYH�WL�L�NUDNRYH

6OLND�����=DYLVQRVW�NRHILFLMHQWD�DNRG�EURMD�YH]D�P�QRYRJaYRUD��ILWRYDQD�QDIXQNFLMX\�=�DN��+�DN��[�DN���DN�� ����������DN�� ����������DN�� ���������
)LJXUH�����P�GHSHQGHQFHRI�DN�FRHIILFLHQW�ILWWHG�WRWKH�IXQFWLRQ\�=�DN��+�DN��[�DN���DN�� ����������DN�� ����������DN�� ���������
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NL�NRMH�SUDYH�VD�GUXJLP�aYRURYLPD�PRCHPR�GD�L]UDaXQDPR�VOHGH`H�YUHG�QRVWL�
Tq = ∑ 

t ∈  S

ti
3

,  Kq = ∑ 

k ∈  S

ki

3
.

3R�GHILQLFLML�YDCL�L�7�=�7������.�=�.������2QR�^WR�QDV�LQWHUHVXMH�MHVWHNDNR�L]JOHGDMX�RGQRVL�WT�=�7T7 ��NT�=�.TN �L�]D�UD]QH�PUHCH�L�UD]OLaLWR�L]DEUDQHSRGVNXSRYH�6��6�RE]LURP�GD�VX�aYRURYL�X�PUHCL�UD]OLaLWRJ�VWHSHQD��DVDPLP�WLP�LPDMX�L�UD]OLaLWH�YUHGQRVWL�WL�L�NL��SRPHQXWL�RGQRVL�]DYLVH�RGQDaLQD�RGDELUD�SRGVNXSD�6�.DGD�VH�SRGVNXS�6�ELUD�VOXaDMQR��QD�UDQGRP��VD�YHURYDWQR`RP���Q�]DVYDNL�aYRU��LQWXLWLYQR�YDCL�WT�=�NT�=�T��^WR�SRWYU_XMX�GRELMHQL�UH]XOWDWL��1DVOLNDPD����L����MH�MHGDQ�RG�SULPHUD�NRML�SRND]XMH�GD�VH�YUHGQRVW�7T���T�RGQRVQR�.T���T��PRCH�NRULVWLWL�NDR�RFHQD�YUHGQRVWL�7��RGQRVQR�.��,DNR�XYH`LQL�VOXaDMHYD�SURFHQD�EURMD�WURXJORYD��RGQRVQR�NUDNRYD��RGVWXSD�RGSUDYH�YUHGQRVWL�]D�VYHJD�SDU�SURFHQDWD��SRVWRMH�L�VOXaDMHYL�X�NRMLPD�MH�RG�VWXSDQMH�YH`H��8�WDEHOL���GDWL�VX�PDNVLPDOQL�SURFHQWL�RGVWXSDQMD�7T���T�RG7��RGQRVQR�.T���T�RG�.��]D�UD]OLaLWH�YUHGQRVWL�T��3URFHQH�VX�UD_HQH�]DPUHCH�YHOLaLQH�GR�����aYRURYD�VD�YUHGQRVWLPD�SDUDPHWDUD�PUHCH�QR� ����S� ������P� ��������������9UHGQRVWL�VX�GRELMHQH�XVUHGQMDYDQMHP����UD]OLaLWLKUH]XOWDWD��D�QMLKRYH�JUH^NH�VX�]DGDWH�VWDQGDUGQRP�GHYLMDFLMRP�
7DEHOD����0DNVLPDOQR�RGVWXSDQMH�RFHQD�EURMD�WURXJORYD�L�NUDNRYD�RGSUDYH�YUHGQRVWL�SUL�UDQGRP�RGDELUX�GHOD�aYRURYD��]D�UD]QH�SURFHQWHPUHCH�T�T 2GVWXSDQMH�EURMDWURXJORYD 2GVWXSDQMH�EURMD�NUDNRYD
��� ��� ������ ��� ����� �� ����� �� ��

%ROML�SULVWXS�RGDELUX�aYRURYD�PRCHPR�GD�QDSUDYLPR�X]LPDMX`L�XRE]LU�VFDOH�IUHH�UDVSRGHOX�SRYH]DQRVWL�aYRURYD��3RGVNXS�aYRURYD�PRCHPRGD�ELUDPR�SUHIHUHQFLMDOQR��WM��YHURYDWQR`D�GD�aYRU�EXGH�XNOMXaHQ�X�SRG�VNXS�QLMH�YL^H���Q��NDR�X�UDQGRP�VOXaDMX��QHJR�SURSRUFLRQDOQD�VWHSHQXaYRUD�VL��3UL�SUHIHUHQFLMDOQRP�RGDELUX�QLMH�YL^H�RaLJOHGQR�NROLNH�VX�YUHG�QRVWL�WT�L�NT��VWRJD�VPR�SRNX^DOL�GD�LK�RGUHGLPR�
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6OLND�����=DYLVQRVW�YUHGQRVWL�7T���T�]D�UDQGRP�L]DEUDQLK�T� �����PUHCH�RG�YHOLaLQH�PUHCH�3ULND]DQD�MH�L�HJ]DNWQD�]DYLVQRVW�7�Q���3DUDPHWUL�PUHCH��QR� ������S� ������P� ����YUHGQRVWL7T�VX�GRELMHQH�XVUHGQMDYDQMHP�UH]XOWDWD�VD����UD]OLaLWLK�PUHCD�)LJXUH�����7T���T�GHSHQGHQFH�RQ�QHWZRUN�VL]H��IRU�T� �����UDQGRPO\�FKRVHQ�QRGHV��LVVKRZQ�RQ�WKH�SORW��DV�ZHOO�DV�H[DFW�GHSHQGHQFH�7�Q���1HWZRUN�SDUDPHWHUV�DUH�QR� ����S� ������P� ����7T�YDOXHV�DUH�PHDQ�YDOXHV�REWDLQHG�RQ����GLIIHUHQW�QHWZRUNV�

6OLND�����=DYLVQRVW�YUHGQRVWL�.T���T�]D�UDQGRP�L]DEUDQLK�T� �����PUHCH�RG�YHOLaLQH�PUHCH�3ULND]DQD�MH�L�HJ]DNWQD�]DYLVQRVW�.�Q���3DUDPHWUL�PUHCH��QR� �����S� ������P� ����YUHGQRVWL.T�VX�GRELMHQH�XVUHGQMDYDQMHP�UH]XOWDWD�VD����UD]OLaLWLK�PUHCD�
)LJXUH�����.T���T�GHSHQGHQFH�RQ�QHWZRUN�VL]H��IRU�T� �����UDQGRPO\�FKRVHQ�QRGHV��LVVKRZQ�RQ�WKH�SORW��DV�ZHOO�DV�H[DFW�GHSHQGHQFH�.�Q���1HWZRUN�SDUDPHWHUV�DUH�QR� ����S� ������P� ����.T�YDOXHV�DUH�PHDQ�YDOXHV�REWDLQHG�RQ����GLIIHUHQW�QHWZRUNV�
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5H]XOWDWL�L]�SUHWKRGQRJ�SRJODYOMD�JRYRUH�GD�]DYLVQRVWL�EURMD�WURXJORYD7�Q���RGQRVQR�NUDNRYD�.�Q���RG�YHOLaLQH�PUHCH��ILWXMX�QD�IXQNFLMH\�=�DW�(OQ�[)EW��RGQRVQR�\�=�DN�[�OQ�[��RGDNOH�GRELMDPR�YUHGQRVWL�DW��EW�L�DN�=D�VFDOH�IUHH�PUHCH�RGUH_HQLK�SDUDPHWDUD�L�GDOMH�`HPR�YUHGQRVWL�WLK�NRH�ILFLMHQDWD�VPDWUDWL�ILNVLUDQLP��'D�ELVPR�RGUHGLOL�WT�L�NT��]D�VOXaDM�SUHIHUHQ�FLMDOQRJ�RGDELUD��ILWRYD`HPR�]DYLVQRVW�7T�(Q)�� RGQRVQR� .T�(Q)�� QD\�=�WT�DW�(OQ�[)EW��RGQRVQR�\�=�NT�DN�[�OQ�[��NRULVWH`L�SURPHQOMLYH�DW��EW�L�DNNDR�NRQVWDQWH�NRMH�VPR�ILNVLUDOL�X]�SRPR`�UH]XOWDWD�SUHWKRGQRJ�SRJODYOMD�'D�ELVPR�LOXVWURYDOL�SUHGQRVW�RFHQMLYDQMD�EURMD�WURXJORYD�L�NUDNRYDSUHIHUHQFLMDOQLP�RGDELURP�X�RGQRVX�QD�UDQGRP�RGDELU��QD�VOLNDPD����L���SRND]XMHPR�SULPHUH�]DYLVQRVWL�7T���WT�L�.T���NT�RG�YHOLaLQH�PUHCH��VD�LVWLPSDUDPHWULPD�PUHCD�NDR�QD�VOLNDPD����L����=DYLVQRVWL�NRHILFLMHQDWD�WT� L�NT�RG�YUHGQRVWL�T��]D�PUHCX�ILNVLUDQLKSDUDPHWDUD�VX�OLQHDUQH�QD�ORJ�ORJ�VNDOL��SD�VH�PRJX�ILWRYDWL�QD�IXQNFLMH\�=�αW�[β�W�L�\�=�αN�[β�N��VOLNH����L������9UHGQRVWL�NRHILFLMHQDWD�αW��βW��αN�L
βN�]D�UD]OLaLWH�SDUDPHWUH�P�GDWL�VX�X�WDEHOL���

6OLND�����=DYLVQRVW�YUHGQRVWL�7T���WT�]D�UDQGRP�L]DEUDQLK�T� �����PUHCH�RG�YHOLaLQHPUHCH��WT� �����������3ULND]DQD�MH�L�HJ]DNWQD�]DYLVQRVW�7�Q���3DUDPHWUL�PUHCH�VX�QR� ����S� ������P� ����D�YUHGQRVWL�7T�VX�GRELMHQH�XVUHGQMDYDQMHP�UH]XOWDWD�VD����UD]OLaLWLKPUHCD�
)LJXUH�����7T���WT�GHSHQGHQFH�RQ�QHWZRUN�VL]H��IRU�T� �����UDQGRPO\�FKRVHQ�QRGHV��LVVKRZQ�RQ�WKH�SORW��DV�ZHOO�DV�H[DFW�GHSHQGHQFH�7�Q���WT� �����������1HWZRUN�SDUDPHWHUVDUH�QR� �����S� ������P� ����7T�YDOXHV�DUH�PHDQ�YDOXHV�REWDLQHG�RQ����GLIIHUHQWQHWZRUNV�
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6OLND�����=DYLVQRVW�YUHGQRVWL�.T���NT�]D�UDQGRP�L]DEUDQLK�T� �����PUHCH�RG�YHOLaLQHPUHCH��NT� ������������3ULND]DQD�MH�L�HJ]DNWQD�]DYLVQRVW�.�Q���3DUDPHWUL�PUHCH�VX�QR� ����S� ������P� ����D�YUHGQRVWL�.T�VX�GRELMHQH�XVUHGQMDYDQMHP�UH]XOWDWD�VD����UD]OLaLWLKPUHCD�
)LJXUH�����.T���NT�GHSHQGHQFH�RQ�QHWZRUN�VL]H��IRU�T� �����UDQGRPO\�FKRVHQ�QRGHV��LVVKRZQ�RQ�WKH�SORW��DV�ZHOO�DV�H[DFW�GHSHQGHQFH�.�Q���NT� ������������1HWZRUNSDUDPHWHUV�DUH�QR� �����S� ������P� ����.T�YDOXHV�DUH�PHDQ�YDOXHV�REWDLQHG�RQ���GLIIHUHQW�QHWZRUNV�

6OLND�����=DYLVQRVW�NRHILFLMHQWD�WT�RG�YUHGQRVWL�T�ILWRYDQD�QD�IXQNFLMX�\�=�αW�[β�W��
αW� ����������βW� ����������3DUDPHWUL�PUHCH�VX�QR� �����S� ������P� ���
)LJXUH�����T�GHSHQGHQFH�RI�WT�FRHIILFLHQW�ILWWHG�WR�WKH�IXQFWLRQ�\�=�αW�[β�W��αW� ���������
βW� ����������1HWZRUN�SDUDPHWHUV�DUH�QR� �����S� ������P� ���
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7DEHOD����9UHGQRVWL�NRHILFLMHQDWD�αW��βW��αN�L�βN�]D�UD]OLaLWH�SDUDPHWUHPUHCH�P�P αW βW αN βN� ¬ ¬ ������� �������� �������� ��������� �������� ��������� ������� ������� �������� ��������� �������� ������� �������� �������� �������� ������� �������� ��������� �������� ������� �������� ��������� �������� ������� �������� ��������� �������� ������� �������� �������
=DNOMXaDN8�RYRP�UDGX�LVSLWLYDOL�VPR�JOREDOQH�L�VWUXNWXUQH�RVRELQH�VFDOH�IUHHPUHCD��.RUL^WLOL�VPR�%DUDED^L�$OEHUW�PRGHO�]D�JHQHULVDQMH�PUHCH�VDVWHSHQRP��VFDOH�IUHH��UDVSRGHORP�SRYH]DQRVWL�GRGDYDQMHP�QRYLK�aYRURYDVWHSHQD�P��3R]QDWH�]DYLVQRVWL�VPDOO�ZRUOG�NRHILFLMHQWD�L�NODVWHULQJ�NRHIL�FLMHQWD�RG�YHOLaLQH�PUHCH��SUR^LULOL�VPR�QD�]DYLVQRVW�SR�SDUDPHWUX�P�3URQD^OL�VPR�]DYLVQRVWL�SRGVWUXNWXUD�YHOLaLQH�WUL��WURXJORYD�L�NUDNRYD�RG�YHOLaLQH�PUHCH�L�SDUDPHWUD�P��,VSLWDOL�VPR�XVSH^QRVW�EURMDQMD�WURXJORYDL�NUDNRYD�SR�UDQGRP�L�SUHIHUHQFLMDOQR�ELUDQRP�SRGVNXSX�6�aYRURYD�NDRKHXULVWLNH�]D�RFHQX�EURMD�WURXJORYD�L�NUDNRYD�QD�QLYRX�FHOH�PUHCH��5DQ�GRP�RGDELU�VH�SRND]DR�NDR�MHGQRVWDYQLML��DOL�PDQMH�SUHFL]DQ�PHWRG��=DSUHIHUHQFLMDOQL�RGDELU�VPR�RGUHGLOL�IRUPXOH�L�L]UDaXQDOL�SRWUHEQH�NRHILFL�

6OLND�����=DYLVQRVW�NRHILFLMHQWD�NTRG�YUHGQRVWL�T�ILWRYDQDQD�IXQNFLMX�\�=�αN�[β�N�
αN� �����������
βN� �����������3DUDPHWUL�PUHCH�VX�QR� �����S� ������P� ���
)LJXUH�����T�GHSHQGHQFH�RI�NTFRHIILFLHQW�ILWWHG�WR�WKHIXQFWLRQ�\�=�αN�[β�N��
αN� �����������
βN� �����������1HWZRUN�SDUDPHWHUV�DUHQR� �����S� ������P� ���
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MHQWH�]D�P� �������������SRPR`X�NRMLK�VH�PRCH�RFHQLWL�EURM�SRMDYOMLYDQMDSRGVWUXNWXUD�YHOLaLQH�WUL�X�]DYLVQRVWL�RG�YHOLaLQH�SRGVNXSD�6�2YH�KHXULVWLaNH�PHWRGH�SRVHEQR�PRJX�QD`L�SULPHQX�NRG�NDUDNWHUL�VDQMH�ORNDOQLK�VYRMVWDYD�PUHCD�VD�YHOLNLP�EURMHP�aYRURYD��]ERJ�YHOLNH�X^�WHGH�YUHPHQD�SUL�SUHEURMDYDQMX�SRGVWUXNWXUD�=DKYDOQRVW��=DKYDOMXMHP�VH�,VWUDCLYDaNRM�VWDQLFL�3HWQLFD��D�SRVHEQR-HOHQL�*UXML`��^HIX�VHPLQDUD�IL]LNH�¬�X�RNYLUX�NRMLK�VDP�UDGLOD�RYDM�SUR�MHNDW��=DKYDOMXMHP�VH�VYRP�PHQWRUX�'U�$OHNVDQGUX�%HOL`X�]D�NRULVQHVDYHWH��NDR�L�FHORM�/DERUDWRULML�]D�SULPHQX�UDaXQDUD�X�QDXFL�,QVWLWXWD�]DIL]LNX�X�%HRJUDGX�^WR�VX�PL�RPRJX`LOL�GD�]D�SRWUHEH�VYRMLK�LVWUDCLYDQMDNRULVWLP�QDMQDSUHGQLMX�UDaXQDUVNX�RSUHPX��=DKYDOMXMHP�VH�L�0LOR^X6UH`NRYL`X�L�0LOR^X�6DYL`X�]D�NRULVQH�NRPHQWDUH�L�GLVNXVLMH�NRMH�VPRYRGLOL�QD�WHPX�VFDOH�IUHH�PUHCD�
/LWHUDWXUD

5HND�$���%DUDEDVL�$��/��������6WDWLVWLFDO�0HFKDQLFV�RI�&RPSOH[�1HW�ZRUNV���6FKRRO�RI�0DWKHPDWLFV�����9LQFHQW�+DOO��8QLYHUVLW\�RI�0XQ�QHVRWD��0LQQHDSROLV��0LQQHVRWD���������'HSDUWPHQW�RI�3K\VLFV��&RO�OHJH�RI�6FLHQFH������1LHXZODQG�6FLHQFH�+DOO��8QLYHUVLW\�RI1RWUH�'DPH��1RWUH�'DPH��,QGLDQD������0DQQD�6��6��������'LIIXVLRQ�OLPLWHG�IULHQGVKLS�QHWZRUN��$�PRGHO�IRU�VL[GHJUHHV�RI�VHSDUDWLRQ��6DW\HQGUD�1DWK�%RVH�1DWLRQDO�&HQWUH�IRU�%D�VLF�6FLHQFHV�%ORFN�-'��6HFWRU�,,,��6DOW�/DNH��.RONDWD���������,QGLD6HUJL�'��������5DQGRP�JUDSK�PRGHO�ZLWK�SRZHU�ODZ�GLVWULEXWHG�WULDQJOHVXEJUDSKV��'HSDUWHPHQW�GH�3K\VLTXH�7KHRULTXH��8QLYHUVLWH�GH*HQHYH�������*HQHYH����6ZLW]HUODQG
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