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DUJXPHQW�RI�]��2QO\�WKH�QXPEHU���GRHV�QRW�KDYH�DQ�DUJXPHQW�EHFDXVH�LW
LV�GHILQHG�RQO\�E\�LWV�PRGXOXV�U� ���

���*HRPHWULF�SUHVHQWDWLRQ�RI�FRPSOH[�QXPEHUV
,Q�ZKDW�IROORZV��ZH�VKDOO�GHQRWH�WKH�SRLQWV�LQ�WKH�SODQH�E\�FDSLWDO
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RU�WKH�OHQJWK�RI�WKH�YHFWRU��=�=��→ �HTXDOV�G�=�|=��=�|�=�|]��−�]�|��L��H��G�LV�WKH
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:H�VKDOO�VKRZ�WKDW�ZKHQ�URWDWLQJ�WKURXJK���~�DURXQG�WKH�FHQWHU�RI�D
UHFWDQJXODU�FRRUGLQDWH�V\VWHP��WKH�SRVLWLRQ�RI�ZKLFK�GRHV�QRW�PDWWHU�
�03�→ �FRLQFLGHV�ZLWK��14�→ ��,Q�RUGHU�WR�GR�WKLV��ZH�KDYH�WR�VKRZ�WKDW
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6LQFH�WKH�ODVW�HTXDOLW\�LV�YDOLG�DFFRUGLQJ�WR�WKH�DVVXPSWLRQ�RI�WKH
SUREOHP��LW�IROORZV�WKDW�03� �14�DQG�03�⊥ 14�

���(TXDWLRQ�RI�D�VWUDLJKW�OLQH
7KH�FRPSOH[�QXPEHU�9�(]���]���]�)�=�]��−�]�]��−�]��LV�FDOOHG�DIILQH�UDWLR�RU

MXVW�UDWLR�RI�WKH�WKUHH�FRPSOH[�QXPEHUV�]���]��DQG�]���LQ�WKH�VDPH�RUGHU��
7KH�VDPH�QXPEHU�LV�DOVR�FDOOHG�UDWLR�RI�WKH�SRLQWV�=���=��DQG�=���LQ�WKH
VDPH�RUGHU���7KH�DQJOH�δ�EHWZHHQ�WKH�OLQHV��ZKLFK�LQWHUVHFW�HDFK�RWKHU�DW
=��DQG�SDVV�UHVSHFWLYHO\�WKURXJK�=��DQG�=���HTXDOV�WKH�DUJXPHQW�RI�WKH
UDWLR�9�(]���]���]�)�
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7KUHH�SRLQWV�=���=��DQG�=��OLH�RQ�D�VWUDLJKW�OLQH�LI�DQG�RQO\�LI�WKH
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IRXU�SRLQWV�WR�OLH�RQ�D�FLUFOH��/HW�SRLQWV�=���=���=��DQG�=��OLH�RQ�D�FLUFOH
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DIIL[HV�]���]���]���DQG�]���LQ�WKH�VDPH�RUGHU���,W�LV�WKHUHIRUH�D�QHFHVVDU\�DQG
VXIILFLHQW�FRQGLWLRQ�IRU�WKH�IRXU�SRLQWV�=���=���=��DQG�=��WR�OLH�RQ�D�FLUFOH
RU�D�VWUDLJKW�OLQH�WKDW�WKH�FURVV�UDWLR�:�]���]���]����]��� �9�(]���]���]�)9�(]���]���]�)�RI�WKH
DIIL[HV�]���]���]��DQG�]��LV�D�UHDO�QXPEHU��WKDW�LV�

]��−�]�
]��−�]����

]��−�]�
]��−�]��=�

]_��−�]
_
�

]_��−�]
_
�
���]

_
��−�]_�
]_��−�]

_
�

)URP�WKH�ODVW�HTXDOLW\�ZH�FDQ�FRQFOXGH�WKDW�IRU�HYHU\�SRLQW�=�IURP
WKH�FLUFXPVFULEHG�FLUFOH�DURXQG�∆�=�=�=���LQ�FDVH�WKDW�WKH�SRLQWV�=���=���=�
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2EYLRXVO\��WKH�QXPEHUV�$� DQG�&�DUH�SXUHO\�LPDJLQDU\��$__�=�−�$�
&__�=�−�&���,Q�WKLV�ZD\�ZH�REWDLQ�WKDW�HYHU\�FLUFOH�KDV�DQ�HTXDWLRQ
$�]�]_�+�%�]�−�%__�]_�+�&�=����ZKHUH�$�DQG�&�DUH�SXUHO\�LPDJLQDU\�FRPSOH[
QXPEHUV��,W�LV�HDVLO\�VHHQ�WKDW�HYHU\�HTXDWLRQ�RI�WKLV�W\SH�LV�DQ�HTXDWLRQ
RI�HLWKHU�D�FLUFOH��RU�D�OLQH��LW�LV�DQ�HTXDWLRQ�RI�D�OLQH�LII�$� ����

&RQVLGHU�WKH�JHQHUDO�HTXDWLRQ�RI�D�FLUFOH��
$�]�]_�+�%�]�−�%__�]_�+�&�=��

ZKHUH�$�DQG�&�DUH�SXUHO\�LPDJLQDU\�FRPSOH[�QXPEHUV��/HW�$�≠����L��H��ZH
KDYH�DQ�HTXDWLRQ�RI�D�FLUFOH��QRW�D�OLQH��$IWHU�GLYLGLQJ�ERWK�VLGHV�RI�WKH
HTXDWLRQ�E\�$��ZH�JHW�

]�]_�−�D�]�−�D_�]_�+�E�=���
ZKHUH�D�=�−�%$�DQG�E�=�

&
$ ��,W�LV�REYLRXV�WKDW�E�LV�D�UHDO�QXPEHU��)URP�KHUH

ZH�JHW�|]�−�D_|2�=�|D|2�−�E��ZKLFK�VKRZV�WKDW�WKH�SRLQW�ZLWK�DIIL[�D_�LV�WKH
FHQWHU�RI�WKH�FLUFOH�DQG�5�+�√ |D|2�−�E �LV�LWV�UDGLXV��:KHQ�WKH�FHQWHU�FRLQ�
FLGHV�ZLWK�WKH�FHQWHU�RI�WKH�FRRUGLQDWH�V\VWHP�DQG�WKH�UDGLXV�HTXDOV����WKH
HTXDWLRQ�LV�WXUQHG�LQWR�]�]_�=����7KLV�FLUFOH�LV�FDOOHG�WKH�XQLW�FLUFOH�
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���8QLW�FLUFOH
$V�ZH�KDYH�VHHQ�DERYH��WKH�FRQGLWLRQV�IRU�SHUSHQGLFXODULW\�RU�SDUDO�

OHOLVP�RI�WZR�OLQH�VHJPHQWV�=�=��DQG�8�8��DUH�JLYHQ�E\�����DQG������WKDW�LV�
�=�=��→ ⊥ �8�8��→ �⇔�(]��−�]�)�⋅�(X

_
��−�X

_
�)�+�(]

_
��−�]

_
�)�⋅�(X��−�X�)�=��

�=�=��→ ||�8�8��→ �⇔�(]��−�]�)�⋅�(X
_
��−�X

_
�)�=�(]

_
��−�]

_
�)�⋅�(X��−�X�)

,I�WKH�OLQH�VHJPHQWV�=�=��DQG�8�8��DUH�FKRUGV�LQ�WKH�XQLW�FLUFOH��WKH
FRQMXJDWHG�QXPEHUV�]_���]

_
���X

_
���X

_
��LQ�WKH�DERYH�H[SUHVVLRQV�FDQ�EH�UHSODFHG

E\� �]���
�
]���

�
X���

�
X��UHVSHFWLYHO\��7KHUHIRUH��

��=�=��→ ⊥ �8�8��→ �⇔�(]��−�]�)�( �X��−�
�
X�)�+�(

�
]��−�

�
]�)�(X��−�X�)�=���⇔�

⇔�]��]��+�X��X��=��
$QDORJRXVO\��

�=�=��→ ||�8�8��→ �⇔�]��]��=�X��X�
7KH�FRQGLWLRQ�IRU�WKUHH�SRLQWV�$��%��8�WR�OLH�RQ�D�VWUDLJKW�OLQH�LV�

X�−�D
E�−�D�=�

X_�−�D_
E_�−�D_

,I�$�DQG�%�DUH�SRLQWV�IURP�WKH�XQLW�FLUFOH��ZH�KDYH�D_�=��D��E
_�=��E�DQG

WKHQ�WKH�FRQGLWLRQ�LV�
D�+�E�=�X�+�D�E�X_

ZKLFK�LV�D�QHFHVVDU\�DQG�VXIILFLHQW�FRQGLWLRQ�IRU�8�WR�OLH�RQ�WKH�OLQH�$%�
,I�=�=��DQG�8�8��DUH�WZR�FKRUGV�LQ�WKH�XQLW�FLUFOH�ZKLFK�LQWHUVHFW

HDFK�RWKHU�DW�6��WKHQ�
]��+�]��=�V�+�]��]��V

_

X��+�X��=�V�+�X��X��V
_

$IWHU�HOLPLQDWLQJ�V_�LQ�WKH�DERYH�WZR�HTXDOLWLHV��ZH�JHW�WKH�DIIL[�V�RI
WKH�LQWHUVHFWLQJ�SRLQW�6�

V�=�(]��+�]�)�X��X��−�(X��+�X�)�]��]�X��X��−�]��]�
/HW�=�DQG�8�EH�WZR�SRLQWV�IURP�WKH�XQLW�FLUFOH��VXFK�WKDW�=8�LV�QRW

D�GLDPHWHU��:H�GUDZ�WKH�WDQJHQWV�WR�WKH�FLUFOH�DW�WKHVH�SRLQWV�DQG�OHW�6�EH
WKHLU�LQWHUVHFWLRQ�SRLQW��1RWH�WKDW�6�FDQ�EH�GHILQHG�DV�WKH�SRLQW��IRU�ZKLFK
6=�⊥ �2=�DQG�68�⊥ �28��7KH�FRQGLWLRQ�IRU�SHUSHQGLFXODULW\�LPSO\�FRQ�
VHFXWLYHO\�

]�−�V
] �+�]

_�−�V_
]_ �=���DQG��X�−�V

X �+�X
_�−�V_
X_ �=��

RU�(]�−�V)�]_�+�(]_�−�V_)�]�=���DQG�(X�−�V)�X_�+�(X_�−�V_)�X�=����L��H�

�����• ��3(71,A.(�69(6.(��� '(2��,9



V�]_�+�V_�]�=���DQG�V�X_�+�V_�X�=��
7KH�ODVW�WZR�HTXDOLWLHV�DUH�FDOOHG�HTXDWLRQV�RI�WKH�WDQJHQWV�6=�DQG

68�WR�WKH�FLUFOH�DW�WKH�SRLQWV�=�DQG�8�UHVSHFWLYHO\�
6ROYLQJ�WKHVH�WZR�HTXDWLRQV�ZH�JHW�V�=���]�X]�+�X�
:H�ZLOO�GHULYH�D�IRUPXOD�IRU�WKH�DIIL[�RI�WKH�IRRW�6�RI�WKH�SHUSHQ�

GLFXODU�IURP�DQ�DUELWUDU\�SRLQW�0�WR�WKH�OLQH�$%��ZKHUH�$�DQG�%�DUH�SRLQWV
RQ�WKH�XQLW�FLUFOH��6LQFH�6�OLHV�RQ�WKH�OLQH�$%��LW�IROORZV�WKDW�

D�+�E�=�V�+�DEV_
)XUWKHU��06⊥ $%�LV�HTXLYDOHQW�WR�(P�−�V)�(D_�−�E_)�+�(P__�−�V_)�(D�−�E)�=����WKH�
UHIRUH�V_�=�P__�−�(P__�−�V)�D_�E

_
��5HSODFLQJ�V_�LQ�WKH�HTXDOLW\�D�+�E�=�V�+�DEV_�JLYHV�
V�=����(D�+�E�+�P�−�DEP

__
)

1RZ�ZH�ZLOO�GHULYH�D�IRUPXOD�IRU�WKH�DIIL[�RI�WKH�RUWKRFHQWHU�RI�D
WULDQJOH�ZLWK�YHUWLFHV�RQ�WKH�XQLW�FLUFOH��/HW�∆$�$�$��EH�LQVFULEHG�LQ�WKH
XQLW�FLUFOH�ZLWK�FHQWHU�2��7KHQ�|D�|�=�|D�|�=�|D�|�=����7KH�SRLQW�+���VHH�)LJ�
XUH�����ZKLFK�LV�V\PPHWULF�WR�2�ZLWK�UHVSHFW�WR�WKH�OLQH�$�$���LV�D�YHUWH[
RI�WKH�UKRPEXV�$�+�$�2��ZKLFK�PHDQV�K�� �D����D���:H�WDNH�D�SRLQW�+�
VR�WKDW�2$�++��LV�D�UKRPEXV��WKDW�LV�K� �K����D�� �D����D����D���PRUHRYHU�
2+�||$�+�DQG�2+�⊥ $�$��KROG�WUXH��7KHUHIRUH��$�+⊥ $�$���ZKLFK�PHDQV
WKDW�+�OLHV�RQ�WKH�DOWLWXGH�WKURXJK�$��

$QDORJRXVO\��LW�FDQ�EH�VKRZQ�WKDW�+�OLHV�RQ�WKH�DOWLWXGHV�WKURXJK�$�
DQG�$��DV�ZHOO��7KHUHIRUH�+�LV�WKH�RUWKRFHQWHU�RI�∆$�$�$��DQG�K� �D���
��D����D��

7KH�DIIL[�RI�WKH�FHQWURLG�*�RI�∆$�$�$��LV�J�=�D��+�D��+�D�� ��7KLV�PH�
DQV�WKDW�*�OLHV�RQ�WKH�OLQH�2+�DQG�|2*|� �1

3
 |2+|��7KH�OLQH�2+�LV�FDOOHG

(XOHU±V�VWUDLJKW�OLQH�IRU�∆$�$�$��
)LJXUH���
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%HVLGHV�WKH�FHQWHU�RI�WKH�FLUFXPVFULEHG�FLUFOH�2��WKH�FHQWURLG�*�DQG
WKH� RUWKRFHQWHU�+�� VWLOO� DQRWKHU� UHPDUNDEOH� SRLQW� (� ZLWK� DIIL[
H�=�D��+�D��+�D�� �OLHV�RQ�WKH�(XOHU±V�VWUDLJKW�OLQH��(�LV�GHILQHG�DV�WKH�LQWHU�
VHFWLRQ�SRLQW�RI�WKH�GLDJRQDOV�$�+��DQG�2+�RI�WKH�UKRPEXV�2+�+$���7KH
VWUDLJKW�OLQH�0�&��SDVVHV�WKURXJK�LW��ZKHUH�0��LV�WKH�PLGSRLQW�RI�$�$��DQG
&��LV�WKH�PLGSRLQW�RI�+$��

,W�LV�LPPHGLDWHO\�VHHQ�WKDW�|(0�|� �|(&�|� ���|2$�|� �����L��H��WKH�FLUFOH
N��ZLWK�FHQWHU�(�DQG�UDGLXV����SDVVHV�WKURXJK�WKH�PLGSRLQW�0��RI�WKH�OLQH
VHJPHQW�$�$��DQG�WKH�PLGSRLQW�&��RI�WKH�OLQH�VHJPHQW�+$���$QDORJRXVO\�
WKH�FLUFOH�N��SDVVHV�WKURXJK�WKH�SRLQWV�0���0���&��DQG�&���ZKHUH�0��LV�WKH
PLGSRLQW�RI�$�$���0��WKH�PLGSRLQW�RI�$�$���&��WKH�PLGSRLQW�RI�$�+��DQG
&��WKH�PLGSRLQW�RI�$�+��6LQFH�∠ 0�3�&��LV�D�ULJKW�DQJOH��DQG�0�&��LV�D
GLDPHWHU�LQ�WKH�FLUFOH�N��WKHQ�3��∈ �N���$QDORJRXVO\��3���3��∈ �N��DV�ZHOO�
7KH�FLUFOH�N��LV�FDOOHG�WKH�QLQH�SRLQWV�FLUFOH�RU�WKH�(XOHU�)HXHUEDFK±V�FLUFOH�

7KH�QH[W�3UREOHP���LV�D�JHQHUDOL]DWLRQ�RI�D�SUREOHP�JLYHQ�DW�WKH�;,,,
5XVVLDQ�2O\PSLDG�[�]�

3UREOHP����$�FLUFOH�N�ZLWK�FHQWHU�2�DQG�D�FLUFOH�LQWHUVHFW�HDFK�RWKHU
DW�SRLQWV�$�DQG�%��/HW�&�EH�DQ�DUELWUDU\�SRLQW�RQ�WKH�DUF�RI�N��ZKLFK�OLHV
LQVLGH�N���'HQRWH�E\�(�DQG�'�WKH�LQWHUVHFWLRQ�SRLQWV�RI�$&�DQG�%&�ZLWK
N���ZKLFK�DUH�GLIIHUHQW�IURP�$�DQG�%��UHVSHFWLYHO\��3URYH�WKDW�WKH�OLQHV�'(
DQG�2&�DUH�SHUSHQGLFXODU�

3URRI��:LWKRXW�ORVV�RI�JHQHUDOLW\�ZH�PD\�DVVXPH�WKDW�N�LV�WKH�XQLW
FLUFOH��VHH�)LJXUH�����$V�'�∈ �%&�� WKHQ�E�+�F�=�G�+�EF�G_�DQG�WKHUHIRUH
G_�=�E�+�F�−�GEF ��6LPLODUO\��H_�=�D�+�F�−�HDF �LV�YDOLG��)XUWKHU��ZLWKRXW�DQ\�UH�

VWULFWLRQ�ZH�PD\�FKRRVH�D� ����7KHQ�H_�=���+�F�−�HF �LV�VDWLVILHG��6LQFH�$�
%��(�DQG�'�WR�OLH�RQ�D�FLUFOH��ZH�KDYH�∠ �$%'�=�∠ �$('��DQG�

$UJ�


G�−�E
D�−�E




�=�$UJ�



G�−�H
D�−�H





$UJ�


G�−�E
D�−�E���

G�−�H
D�−�H




�=��

$UJ�


(G�−�E)(D�−�H)
(D�−�E)(G�−�H)




�=��
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7KH�ODVW�HTXDOLW\�PHDQV�WKDW�WKH�FRPSOH[�QXPEHU�3�=�(G�−�E)(D�−�H)
(D�−�E)(G�−�H)

LV�UHDO��L��H��3�=�3__��:LWK�D� ���ZH�WKXV�REWDLQ�
�3�=�(G�−�E)(��−�H)

(��−�E)(G�−�H)
���

:H�KDYH�FRQVHFXWLYHO\�
�3__�=�(G

_�−�E_)(��−�H_)
(��−�E_)(G_�−�H_)

3__�=�
E�+�F�−�G

EF �−��E
��−��E

�⋅�
��−���+�F�−�HF

E�+�F�−�G
EF �−���+�F�−�HF

3__�=�
E�+�F�−�G�−�F

EF
E�−��
E

�⋅�
F�−���−�F�+�H

F
E�+�F�−�G�−�E�−�EF�+�EH

EF
3__�=� E�−�G

(E�−��)�F�⋅�
(H�−��)�E

F�−�G�−�EF�+�EH
6LQFH�3�=�3__�LV�YDOLG��WKH�ODWWHU�HTXDOLW\�DQG�����OHDG�WR�

(G�−�E)(��−�H)
(��−�E)(G�−�H)�=�

E�−�G
(E�−��)�F�⋅�

(H�−��)�E
�F�−�G�−�EF�+�EH�

−� �
G�−�H�=�

�
F�⋅�

E
F�−�G�−�EF�+�EH

F�(F�−�G�−EF�+�EH)�=�E�(H�−�G)
F��−�GF�−�EF��+�EHF�=�EH�−�EG
F��−�EF��+�EHF�−�EH�=�G�(F�−�E)
G�=�F

��−�EF��+�EHF�−�EH
F�−�E

)LJXUH���
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7KH�DQJOH�EHWZHHQ�WKH�OLQHV�&2�DQG�'(�HTXDOV�WKH�DUJXPHQW�RI�WKH
FRPSOH[�QXPEHU�4�=�G�−�H

F�−�R�=�G�−�HF ��$IWHU�VXEVWLWXWLQJ�G�LQ�WKH�H[SUHVVLRQ
IRU�4�ZH�REWDLQ�

4�=�
F��−�EF��+�EHF�−�EH

F�−�E �−�H
F �=�

F��−�EF��+�EHF�−�EH�−�FH�+�EH
F�−�E
F �=

=�F�−�EF�+�EH�−�H
F�−�E

���

)XUWKHU��4__�=�F
_�−�E_�F_�+�E_�H_�−�H_

F_�−�E_ ��DQG�

4__�=�
�
F�−�

�
EF�+�

��+�F�−�H
EF �−���+�F�−�H

F
�
F�−�

�
E

�=�
E�−���+���+�F�−�H�−�E�−�EF�+�EH

EF
E�−�F
EF

�=

=�F�−�EF�+�EH�−�H
E�−�F

���

)URP�����DQG�����LW�IROORZV�ILQDOO\�WKDW�4�=�−�4__�⇒ �∠ �(&2��'()�=
=���~�⇔�&2⊥ '(�

7KH�QH[W�JHQHUDOL]DWLRQ�RI�3UREOHP���LV�SURSRVHG�E\�WKH�DXWKRU�
*HQHUDOL]HG�3UREOHP����$�FLUFOH�N�ZLWK�FHQWHU�2�DQG�D�FLUFOH�N��LQ�

WHUVHFW�HDFK�RWKHU�DW�SRLQWV�$�DQG�%��/HW�&�EH�DQ�DUELWUDU\�SRLQW�RQ�WKH
DUF�IURP�N��ZKLFK�OLHV�RXWVLGH�N���'HQRWH�E\�(�DQG�'�WKH�LQWHUVHFWLRQ
SRLQWV�RI�$&�DQG�%&�ZLWK�N���ZKLFK�DUH�GLIIHUHQW�IURP�$�DQG�%��UHVSHFWLYHO\
�VHH�)LJXUH�����3URYH�WKDW�WKH�VWUDLJKW�OLQHV�'(�DQG�2&�DUH�SHUSHQGLFXODU�

���6LPLODU�WULDQJOHV
/HW�$�$�$��DQG�%�%�%��EH�WZR�RULHQWHG�LQ�WKH�VDPH�ZD\�VLPLODU�WUL�

DQJOHV�VXFK�WKDW�WKH�DQJOHV�DW�WKH�YHUWH[HV�$���$��DQG�$��DUH�UHVSHFWLYHO\
HTXDO�WR�WKH�YHUWH[HV�DW�WKH�HGJHV�%���%��DQG�%���7KHQ�WKH�UDWLRV�|�$�$��|

|�$�$��|
DQG�|�%�%��|

|�%�%��|�DUH�HTXDO��7KH�DQJOH�DW�WKH�YHUWH[�$��LV�HTXDO�WR�WKH�DUJXPHQW

RI�WKH�FRPSOH[�N�=�D��−�D�D��−�D���2Q�WKH�RWKHU�KDQG��N�=�E��−�E�E��−�E��DQG�LW�IROORZV

WKDW�D��−�D�D��−�D��=�
E��−�E�
E��−�E��
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,I�∆$�$�$��DQG�∆%�%�%��DUH�VLPLODU��EXW�RULHQWHG�LQ�RSSRVLWH�GLUHF�
WLRQV��WKH�UDWLRV�D��−�D�D��−�D��DQG�

E��−�E�
E��−�E��KDYH�WKH�VDPH�PRGXOL�DQG�RSSRVLWH

DUJXPHQWV��+HQFH�WKHVH�UDWLRV�DUH�WKH�FRQMXJDWHG�FRPSOH[�QXPEHUV�

���5HJXODU�SRO\JRQV
:H�JHW�UHJXODU�SRO\JRQV�ZKHQ�LQWHUSUHWLQJ�WKH�URRWV�RI�WKH�HTXDWLRQ

[Q�=���JHRPHWULFDOO\��L�H��WKURXJK�WKH�QXPEHUV�ZN�=�FRV�NπQ �+�L�VLQ�NπQ ��N� 
 �������…��Q����0RLYUH±V�IRUPXOD�VKRZV�WKDW�

�Z�N�=�(FRV�πQ �+�L�VLQ
�π
Q )N�=�ZN�

7KLV�ZD\�RI�SUHVHQWDWLRQ�LV�FRQYHQLHQW�ZKHQ�VROYLQJ�VRPH�SUREOHPV�
EHFDXVH�WKH�JLYHQ�SRO\JRQ�LV�LQVFULEHG�LQ�WKH�XQLW�FLUFOH��:H�RIWHQ�HQFRXQ�
WHU�VLWXDWLRQV�ZKHUH�WKHUH�LV�PRUH�WKDQ�RQH�UHJXODU�SRO\JRQ�DQG�WKHQ�WKH
FKRLFH�RI�WKH�FRRUGLQDWH�V\VWHP�FDQQRW�KHOS�VR�PXFK��

7KH�IROORZLQJ�FULWHULRQ��LQ�FDVH�RI�DQ\�FRRUGLQDWH�V\VWHP��VKRZV
ZKHQ�WKUHH�SRLQWV�$���$���$��DUH�YHUWH[HV�RI�D�SRVLWLYHO\�RULHQWHG�HTXLODW�
HUDO�WULDQJOH�

7KUHH�SRLQWV�$���$���$��DUH�YHUWH[HV�RI�D�SRVLWLYHO\�RULHQWHG�HTXLODW�
HUDO�WULDQJOH�LI�DQG�RQO\�LI�$�$�� �$�$��DQG�WKH�RULHQWHG�DQJOH��WKDW�ZH�JHW�
ZKHQ�URWDWLQJ�$�$��DURXQG�$��WR�SRVLWLRQ�$�$���LV�HTXDO�WR�π� ��L��H�

D��−�D��=�ω�(D��−�D�)
ZKHUH�ω�=�FRVπ��+�L�VLQ

π
��=�

�
��+�L

√�
� ��7KHUHIRUH��LI�D��DQG�D��DUH�WZR�JLYHQ

FRPSOH[�QXPEHUV��WKHQ�WKH�QXPEHU�D��=�D��+�ω�(D��−�D�)�LV�WKH�DIIL[�RI�WKH
WKLUG�YHUWH[�RI�WKH�SRVLWLYHO\�RULHQWHG�HTXLODWHUDO�∆$�$�$���FRQVWUXFWHG�RQ
WKH�OLQH�VHJPHQW�$�$��

)LJXUH���
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,W�LV�LPSRUWDQW�WR�PHQWLRQ�WKDW�WKH�QXPEHU�ω�LV�D�URRW�RI�WKH�HTXD�
WLRQV�ω��−�ω�+���=����Z��=�−���

3UREOHP����$�VTXDUH�$%&'�LV�JLYHQ�DQG�IRXU�FLUFOHV�α($)��β(%)�
γ(&)�� δ(')�ZLWK�GLIIHUHQW�UDGLL�DUH�GUDZQ��VHH�)LJXUH�����7KH�SRLQWV
;∈ α($)��<∈ β(%)��=∈ γ(&)��7∈ δ(')�DUH�PRYLQJ�DW�WKH�VDPH�DQJOH�VSHHG
LQ�WKH�SRVLWLYH�GLUHFWLRQ��FRXQWHU�FORFNZLVH���VXFK�WKDW�WKH\�DUH�YHUWH[HV�RI
D�VTXDUH�DW�D�SDUWLFXODU�PRPHQW��3URYH�WKDW�WKURXJKRXW�WKH�ZKROH�PRYH�
PHQW��;��<��=��7�DUH�YHUWH[HV�RI�D�VTXDUH�

7KH�IROORZLQJ�JHQHUDOL]DWLRQ�RI�3UREOHP���LV�SURSRVHG�DQG�VROYHG�E\
WKH�DXWKRU�

*HQHUDOL]HG�3UREOHP����$�UHJXODU�SRO\JRQ�$��$��$��…�$Q�LV�JLYHQ�
&LUFOHV�NL($�L)����≤�L�≤�Q��ZLWK�GLIIHUHQW�UDGLL�DUH�GUDZQ��2Q�HYHU\�FLUFOH
NL�D�SRLQW�%L�LV�PRYLQJ�ZLWK�WKH�VDPH�DQJOH�VSHHG�LQ�WKH�SRVLWLYH�GLUHFWLRQ
�FRXQWHU�FORFNZLVH���$VVXPH�WKDW�LQ�D�SDUWLFXODU�PRPHQW�%��%��%��…�%Q�LV
D�UHJXODU�SRO\JRQ��3URYH�WKDW�WKURXJKRXW�WKH�PRYHPHQW�%��%��%��…�%Q�UH�
PDLQV�D�UHJXODU�SRO\JRQ�

)LUVW��ZH�IRUPXODWH�D�OHPPD�ZKLFK�ZLOO�KHOS�XV�WR�VROYH�WKH�JHQHUDO�
L]HG�SUREOHP�

/HPPD��/HW�$��$��$��…�$Q�DQG�%��%��%��…�%Q�EH�FRQJUXHQW�UHJXODU
SRO\JRQV��LQVFULEHG�LQ�D�JLYHQ�FLUFOH��7KHQ�∠ $M2%M�LV�FRQVWDQW�IRU�HYHU\
M�=�������…�Q�

3URRI�RI�WKH�JHQHUDOL]HG�SUREOHP����:H�PD\�DVVXPH�WKDW�WKH�FLU�
FXPVFULEHG�FLUFOH�WKURXJK�$��$��$��…�$Q�LV�WKH�XQLW�FLUFOH��VHH�)LJXUH����
7KHUHIRUH�WKH�YHUWH[HV�KDYH�DIIL[HV�ZKLFK�DUH�URRWV�RI�WKH�HTXDWLRQ
[Q�=���DQG�ZLWKRXW�ORVV�RI�JHQHUDOLW\�ZH�PD\�DVVXPH�WKDW�WKHVH�DIIL[HV�DUH
���[��[���…�[Q�−���

D E

J
G

)LJXUH���
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/HW�XV�GHQRWH�E\�VXEVFULSWV���WKH�PRPHQW�ZKHQ�WKH�SRLQWV�%L�IRUP�D
UHJXODU�SRO\JRQ��:H�GHQRWH�WKLV�SRO\JRQ�E\�%���%���…�%Q���DQG�LWV�FHQWHU
E\�3�

$SSO\LQJ�D�URWDWLQJ�KRPRWKHW\�K(3��N�=� �
3%M��

)� �N�∈ ��\{ �} �� RQ
%���%���…�%Q���ZH�JHW�D�UHJXODU�SRO\JRQ�&��&���…�&Q���

K(3��N�=� �
3%M��

)���%���%���…�%Q���→�&���&���…�&Q��

7KH�QHZ�UHJXODU�SRO\JRQ�&���&���…�&Q���FDQ�EH�LQVFULEHG�LQ�WKH�XQLW
FLUFOH�EHFDXVH�3&M���=� �

3%M��
⋅3%M���=����7KHQ�DIWHU�DSSO\LQJ�D�WUDQVODWLRQ

734�→ ��&���&���…�&Q���WXUQV�LQWR�D�UHJXODU�SRO\JRQ�'���'���…�'Q���ZKLFK�LV
LQVFULEHG�LQ�WKH�XQLW�FLUFOH�DV�ZHOO��%XW�$��$��…�$Q�LV�DOVR�D�UHJXODU�SRO\�
JRQ��LQVFULEHG�LQ�WKH�XQLW�FLUFOH��$FFRUGLQJ�WR�WKH�/HPPD��GM��=�]�DM�KROGV
WUXH��ZKHUH�]�=�FRV�α�+�L�VLQα��7KHUHIRUH��

GM��=�]�[M�−�� ����
&RQVLGHU�WKH�JHRPHWULF�WUDQVIRUPDWLRQV�E\�PHDQV�RI�FRPSOH[�QXP�

EHUV��
K(3��N�=� �

3%M��
)���%M���→�&M���⇒ �3&M���→ �=�N�⋅�3% M���→ �⇒

⇒ ��FM���−�S�=�N�(EM���−�S)�⇒ �FM���=�N�EM���−�NS�+�S ����

734�→���&M���→�'M���⇒ �&M��'M���→ �=��32�→ ��⇒ ��GM���−�FM���=�R�−�S
,W�IROORZV�WKHQ�IURP������WKDW�

GM���=�N�EM���−�N�S�+�S�−�S�⇒ �GM���=�N�EM���−�N�S ����
)XUWKHU�������DQG������LPSO\��

]�[M�−���=�N�EM���−�N�S�⇒ �EM���=�]�[
M�−���+�N�S
N

����

)LJXUH���
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/HW�XV�QRZ�DVVXPH�WKDW�WKH�SRLQWV�%M���KDYH�EHHQ�URWDWHG�WKURXJK�DQ
DQJOH�ϕ�WR�WKH�SRLQWV�%M���7KHQ�(DM�−�EM��)�ε�=�DM�−�EM���ZKHUH�ε�=�FRV�ϕ�+
+�L�VLQ�ϕ�DQG�WKXV�

EM��=�DM�+�(EM���−�DM)�ε�
)URP������LW�IROORZV�FRQVHFXWLYHO\�
EM��=�DM�+�


]�DM�+�N�S

N �−�DM



�ε��⇒ �EM��=�]�DM�ε�+�N�S�ε�−�DM�ε�N�+�DM�N

N �

⇒ �EM��=�DM�]�ε�−�ε�N�+�N
N �+�S�ε

7KH�PXOWLSOLFDWLRQ�E\� ]�ε�−�ε�N�+�N
N �SUHVHQWV�D�FRPSRVLWLRQ�RI�D�KR�

PRWKHW\�ZLWK�FHQWHU�2�DQG�D�URWDWLRQ�ZLWK�FHQWHU�2��7KHUHIRUH�WKH�JLYHQ
SRO\JRQ�$��$��…�$Q�WUDQVIRUPV�LQWR�DQRWKHU�QHZ�UHJXODU�SRO\JRQ�0��:KHQ
DGGLQJ�Sε��ZH�WUDQVODWH�0�E\�WKH�YHFWRU�RI�WUDQVODWLRQ��29�→ ��ZKHUH
Y�=�Sε��,Q�WKLV�ZD\�0�LV�WUDQVIRUPHG�LQWR�D�FRQJUXHQW�UHJXODU�SRO\JRQ
0���ZKLFK�LQ�IDFW�LV�%���%���…�%Q���7KHUHIRUH�WKH�SRO\JRQ�ZLWK�YHUWH[HV
%M��LV�UHJXODU��7KLV�SURYHV�WKH�JHQHUDOL]HG�SUREOHP���

���&RQFOXVLRQ
7KH�SDSHU�LV�GHYRWHG�WR�VROYLQJ�JHRPHWULF�SUREOHPV�E\�PHDQV�RI

FRPSOH[�QXPEHUV��)LUVW��WKH�QHFHVVDU\�GHILQLWLRQV�DQG�FRQFHSWV�RI�FRPSOH[
QXPEHUV��FLUFOHV�HWF��DUH�LQWURGXFHG��5HODWHG�SUREOHPV�DUH�IRUPXODWHG�DQG
VROYHG��7ZR�JHQHUDOL]DWLRQV�RI�NQRZQ�SUREOHPV�DUH�IRUPXODWHG�DQG�VROYHG
E\�WKH�DXWKRU�DV�ZHOO�

5HIHUHQFHV
[�]�0LNKDLORY�%��������3UREOHPV�RQ�(OHPHQWDU\�*HRPHWU\��6RILD��9HGL�LQ�%XOJDULDQ�
[�]�7RQRY�,��������&RPSOH[�1XPEHUV��6RILD��1DXND��LQ�%XOJDULDQ�
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