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NYDQWLWDWLYQR�RGUH_LYDQMH�PLNUR�NROLaLQD�0Q���MRQD�
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EU]LQH�UHDNFLMH�UHGXNFLMH�.0Q2��VD�+�&�2��X�]DY�
LVQRVWL�RG�GRGDWH�NROLaLQH�0Q���MRQD��8WYU_HQR�MH
GD� VH� YULMHGQRVWL� UHODWLYQLK� VWDQGDUQLK� GHYLMDFLMD
NUH`X�X�RSVHJX�RG������GR������^WR�XND]XMH�QD�UH�
ODWLYQR� GREUX� SUHFL]QRVW� RYH� PHWRGH�� 5HODWLYQD
JUH^ND�MH�YH`D�X�VOXaDMX�RGUH_LYDQMD�QLCLK�NRQFHQ�
WUDFLMD�0Q���MRQD��7DNR_H�MH�XWYU_HQR�L�SRVWRMDQMH
L]YMHVQRJ� VLVWHPDWVNRJ� RGVWXSDQMD� VUHGQMH� YULMHG�
QRVWL�RG� WDaQH�YULMHGQRVWL��.DNR�VH�X�UDGX�QLVPR
RVYUWDOL�QD�SUHWKRGQX�NDOLEUDFLMX�LQVWUXPHQDWD��QH
PRCH�VH�VD�VLJXUQR^`X�SRWYUGLWL�GD�OL�WR�RGVWXSDQMH
JRYRUL�R�VLVWHPDWVNRM�JUH^FL�FMHORNXSQH�PHWRGH��

8YRG
3UL�UHGXNFLML�NDOLMXP�SHUPDQJDQDWD�QDWULMXP�RN�

VDODWRP��NDR�NDWDOL]DWRU�PRCH�VH�XSRWUHELWL�0Q���MRQ
^WR�MH�SULND]DQR�VOMHGH`RP�KHPLMVNRP�MHGQDaLQRP�
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3R^WR�MH�X�RYRM�UHDNFLML�SURGXNW�UHDNFLMH�0Q��
LVWRYUHPHQR�L�NDWDOL]DWRU�RYD�UHDNFLMD�MH�DXWRNDWDOL�
WLaND��.RG�DXWRNDWDOLWLaNLK�UHDNFLMD�MH�NDUDNWHULVWLaQR
GD�EU]LQD�QMLKRYH�KHPLMVNH�UHDNFLMH�V�YUHPHQRP�UDV�
WH��SHULRG�VWYDUDQMD�NDWDOL]DWRUD���D�]DWLP�VH�RSHW
VPDQMXMH�MHU�RSDGD�NRQFHQWUDFLMD�UHDNWDQDWD�EH]�RE]�
LUD�QD�YH`�YHOLNX�NRQFHQWUDFLMX�NDWDOL]DWRUD�

0MHUHQMHP�YUHPHQD�WUDMDQMD�RYH�UHDNFLMH�X�]D�
YLVQRVWL�RG�NROLaLQH�GRGDWRJ�0Q���MRQD�X�VWDUWX
UHDNFLMH�PRCH�VH�GRELWL�IXQNFLMD�]DYLVQRVWL�YUHPHQD
WUDMDQMD�UHDNFLMH�RG�NRQFHQWUDFLMH�0Q���̂ WR�PRCH�ELWL
SROD]QD�RVQRYD�]D�NYDQWLWDWLYQR�RGUH_LYDQMH�PLNURN�
ROLaLQD�0Q���MRQD��$QGUL`�������

&LOM� RYRJ� UDGD� MH� LVSLWLYDQMH� PRJX`QRVWL
NRUL^`HQMD�PRGLILNRYDQH�NLQHWLaNH�PHWRGH�]D�VLVWHP
.0Q2��L�+�&�2��]D�NYDQWLWDWLYQR�RGUH_LYDQMH�PL�
NUR�NROLaLQD�0Q���MRQD�

0DWHULMDO�L�PHWRGH
5HDJHQVL��
¬ .0Q2��NRQFHQWUDFLMH��������PRO�GP��VWDQG�

DUGL]RYDQ�VD�1D�&�2�
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¬ UDVWYRU�0Q62�� ��������PRO�GP�� VWDQG�
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7RN�HNVSHULPHQWD��(NVSHULPHQW�MH�L]YR_HQ�WDNR

^WR�VH�QD�PDJQHWQX�PMH^DOLFX�SRVWDYL�aD^D�VD
UDVWYRURP�.0Q2���UDVWYRU�$���D�SRWRP�VH�X�QMX�VLSD
VPMH^D�L]�GUXJH�aD^H�NRMD�VDGUCL�UDVWYRUH�1D�&�2��
0Q62��L�+�62���UDVWYRU�%��L�^WRSHULFRP�VH�PMHUL
YULMHPH�NRMH�MH�SRWUHEQR�GD�EL�ERMD�UDVWYRUD�L]�OMXEL�
aDVWH�SUH^OD�X�EH]ERMQX��̂ WR�MH�YL]XHOQL�SRND]DWHOM�GD
MH�UHDNFLMD�]DYU^HQD��5HDNWDQWL�VX�XYMHN�GRGDYDQL�X
VWHKLRPHWULMVNLP�RGQRVLPD��RVLP�VXPSRUQH�NLVHOLQH
NRMD�MH�GRGDYDQD�X�YL^NX�

8�WRNX�HNVSHULPHQDWD�VYL�SDUDPHWUL�VX�RGUCDYDQL
NRQVWDQWQLP��WHPSHUDWXUD��EU]LQD�PMH^DQMD�L�NRQFHQ�
WUDFLMH�.0Q2���1D�&�2�� L�+�62����RVLP�NRQFHQ�
WUDFLMH�0Q���MRQD��3ULOLNRP�SULSUHPH�UDVWYRUD�%
VLSDQD�MH�RGUH_HQD�]DSUHPLQD�UDVWYRUD�0Q���X�]D�
YLVQRVWL�RG�ω��NRMD�PRCH�LPDWL�YULMHGQRVWL������������
����������…������������…�LWG�

6D^D�>RUJL`���������9ODMNRYDF��1RYD����XaHQLN���
UD]UHGD�+HPLMVNR�PHGLFLQVNH�^NROH�X�9U^FX
0(1725��
)LOLS�$QGUL`�DSVROYHQW�+HPLMVNRJ�IDNXOWHWD
8QLYHU]LWHWD�X�%HRJUDGX
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2GUH_LYDQMH�PDVH�PDQJDQD��)XQNFLMX�]DYLVQRVWL
YUHPHQD�WUDMDQMD�UHDNFLMH�RG�NRQFHQWUDFLMH�0Q��
MRQD�MH�SRWUHEQR�SUHYHVWL�X�OLQHDUQX�]DYLVQRVW��2YR
VH�SRVWLCH�WDNR�^WR�VH�YULMHPH�L�NRQFHQWUDFLMD�0Q��
MRQD�SUHYHGX�X�UHODWLYQX�YUHPHQVNX�NRRUGLQDWX��τ��
RGQRVQR�X�UHODWLYQX�PROVNX�NRRUGLQDWX��ω���5HOD�
WLYQD�YUHPHQVND�NRRUGLQDWD�VH�L]UDaXQDYD�NDR
NROLaQLN�YUHPHQD�NRMH�SUR_H�GR�REH]ERMDYDQMD�UDV�
WYRUD�NRML�VDGUCL�0Q���MRQ��W��L�YUHPHQD�SRWUHEQRJ
GD�VH�REH]ERML�UDVWYRU�NRML�QH�VDGUCL�0Q���MRQ��WR��

τ�=� WWR
5HODWLYQD�PROVND�NRRUGLQDWD�VH�L]UDaXQDYD�NDR

NROLaQLN�NRQFHQWUDFLMH�0Q��� �QS��L�NRQFHQWUDFLMH
.0Q2���QR��

ω�=�QSQR
1DNRQ�WRJD�VH�RYH�GYLMH�YHOLaLQH�ORJDULWPXMX�L

GRELMD�VH�OLQHDUQL�JUDILN�OQ�τ�=�I�(OQ�ω)��6D�RYDNYRJ
JUDILND�SRWUHEQR�MH�RaLWDWL�RGVMHaDN�QD�\�RVL��Q��L
NRHILFLMHQW�SUDYFD��N���6D�GRELMHQH�SUDYH�VH�]D
L]PMHUHQR�YULMHPH��WH�L]UDaXQDWR�τ��]D�QHSR]QDWX
NRQFHQWUDFLMX�0Q���MRQD�PRCH�RaLWDWL�OQ�ω�

OQ�ω�=�OQ�τ�−�QN
DQWLORJDULWPRYDQMHP�GRELMHQH�UHODFLMH�GRELMD�VH�ω�
D�PDVD�0Q���VH�L]UDaXQDYD�L]�VOMHGH`H�MHGQDaLQH
NRMD�JODVL�

P�=�ω�&�9�0
JGMH�MH�

P�¬�PDVD�0Q���MRQD�[PJ]
&�¬�NRQFHQWUDFLMD�GRGDWRJ�.0Q2��[PRO�GP�]
9�¬�]DSUHPLQD�GRGDWRJ�.0Q2��[FP�]
0�¬�PRODUQD�PDVD�0Q���MRQD�[J�PRO]

5H]XOWDWL�L�GLVNXVLMD
0MHUHQMD�EU]LQH�UHDNFLMH�UHGXNFLMH�.0Q2��VX

L]YU^HQD�X�UHDNFLRQLP�VLVWHPLPD�X�NRMLPD�MH�NRQ�
FHQWUDFLMD�.0Q2�� L]QRVLOD���¬�� L� ��¬��PRO�GP��
5H]XOWDWL�VX�SULND]DQL�QD�JUDILFLPD��VOLND����

=D�JUDILN�$�NRHILFLMHQW�SUDYFD�N�� �¬����±�����
D�RGVMHaDN�QD�\�RVL�Q�� �¬����±������=D�JUDILN�%
N�� �¬����±������D�Q�� �¬����±������

=D�RED�RYD�NLQHWLaND�VLVWHPD�L]YU^HQR�MH�SR�GH�
VHW�PMHUHQMD�EU]LQH�UHDNFLMH�SUL�LVWRM�NRQFHQWUDFLML
0Q���MRQD�]D�RED�VLVWHPD��8�SUYRP�VOXaDMX�X�UHDN�
FLRQL�VLVWHP�X�VWDUWX�MH�GRGDYDQR�SR��������PJ
0Q���MRQD��D�X�GUXJL�SR���������PJ�0Q���MRQD�
5H]XOWDWL�PMHUHQMD�VX�SULND]DQL�X�WDEHODPD���L����

=D�GRELMHQH�UH]XOWDWH�PDVH�0Q���MRQD�MH�SRWRP
XUD_HQD�GHVNULSWLYQD�VWDWLVWLND��WDEHOL�����RGDNOH�VH
PRCH�]DNOMXaLWL�GD�QH�SRVWRML�]QDWQD�GLVSHU]LMD�UH]XO�
WDWD��^WR�JRYRUL�R�UHODWLYQR�YLVRNRM�SUHFL]QRVWL�RYH
PHWRGH��VWDQGDUGQD�GHYLMDFLMD�VDPR����⋅�����PJ�]D

6OLND����*UDILN�IXQNFLMH�OQ�τ�=�I�(OQ�ω)�]D�NRQFHQWUDFLMH
.0Q2��RG���¬���$��L���¬���%��PRO�GP��

)LJXUH����*UDSK�RI�OQ�τ�=�I�(OQ�ω)�IXQFWLRQ�ZKHQ�WKH
FRQFHQWUDWLRQ�RI�.0Q2��LV���¬���$��DQG���¬���%�
PRO�GP��

=%251,.�5$'29$����� +(0,-$��• �����



VLVWHP�VD�QLCRP�NRQFHQWUDFLMRP�SHUPDQJDQDWD��
7DNR_H��UH]XOWDWL�VH�UDVLSDMX�SR�*DXVRYRM�UDVSRGMHOL
QD�^WD�XND]XMX�QLVNH�YULMHGQRVWL�]DNULYOMHQRVWL�L�NXU�
WR]LVD��,]�UH]XOWDWD�GDWLK�X�WDEHODPD���L���GRELMD�VH
GD�VX�VUHGQMD�YULMHGQRVW�L�VWDQGDUGQD�GHYLMDFLMD�UH�
GRP���[�!� ����������6'�� ������������[�!� 
 �����������6'�� ����������

$NR�VH�RYH�VUHGQMH�YULMHGQRVWL�SULPHQRP�W�WHVWD
XSRUHGH�VD�WDaQLP�YUHGQRVWLPD�P�� ��������L�P�
 ��������QD�RVQRYX�IRUPXOH�

W�=� [
_�−�P
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JGMH�MH�Q�EURM�PMHUHQMD��X�QD^HP�VOXaDMX������GREL�
MDMX�VH�YULMHGQRVWL�W�SDUDPHWUD�NRMH�]D�SUYL�L�GUXJL

VOXaDM�L]QRVH�W�� �������L�W�� ��������2YH�YULMHG�
QRVWL�VX�GDOHNR�YH`H�RG�NULWLaQLK�NRMH�]D�RED�VOXaDMD
L]QRVH�SR�WFULW������ �������L�WFULW������� �������
'DNOH��X�RED�VXaDMD�MH�MDVQR�GD�MH�L]UDaXQDWR�W�YH`H
RG�WFULW��3UHPD�WRPH��SRVWRML�VLVWHPDWVNR�RGVWXSDQMH
VUHGQMH�YULMHGQRVWL�RG�WDaQH��8�SUYRP�VOXaDMX�ULMHa
MH�R�QH^WR�QLCRM�YULMHGQRVWL��D�X�GUXJRP�RSHW�R�QH^WR
YH`RM�YULMHGQRVWL�RG�RQH�WDaQH�

8�SUYRP�VOXaDMX�SUHFL]QRVW�MH�]DGRYROMDYDMX`D
MHU�56'��UHODWLYQD�VWDQGDUGQD�GHYLMDFLMD��L]QRVL�RNR
�������D�RSHW�X�GUXJRP�VOXaDMX�MH�56'�RNR�����
^WR�MH�SUHFL]QRVW�NRMX�GDMX�QHNH�RSWLaNH�PHWRGH��NRMH
RSHW�QD�GRVWD�MHGQRVWDYQLML��HOHJDQWQLML�DOL�L�VNXSOML
QDaLQ�PRJX�SRVOXCLWL�]D�RGUH_LYDQMH�RYDNR�PDOLK
NRQFHQWUDFLMD�0Q���MRQD��
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W�[V] τ OQ�τ OQ�ω Ω P�0Q����RGUH_HQD
[PJ]

P�0Q����WDaQD�
[PJ]

�� �������� ¬������� ¬������� �������� �������� ������
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�� �������� ¬������� ¬������� �������� �������� ������
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�� �������� ¬������� ¬������� ������� �������� ������
�� �������� ¬������� ¬������� �������� �������� ������
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7DEHOD����'HVNULSWLYQD�VWDWLVWLND�UH]XOWDWD�L]�WD�
EHOD���L���

7DEHOD�� 7DEHOD��
6UHGQMD�YULMHGQRVW ���������� ����������
6WDQGDUGQD�GHYLMDFLMD ���������� ����������
.XUWR]LV ���������� ����������
.RHILFLMHQW�DVLPHWULMH ���������� ¬����������
56' ����� �����
1LYR�SRYMHUHQMD����� ����������� �����������

5D]ORJ�̂ WR�MH�SUHFL]QRVW�X�SUYRP�VOXaDMX�PQRJR
YH`D�QHJR�X�GUXJRP�OHCL�X�aLQMHQLFL�GD�MH�SUL�YH`LP
NRQFHQWUDFLMDPD�.0Q2�� LQWHQ]LYQLMD�RERMHQRVW
UDVWYRUD�^WR�XVORYOMDYD�ODN^H�L�WDaQLMH�GHWHNWRYDQMH
NUDMD�UHDNFLMH��7DNR_H��SUL�SUDYOMHQMX�UDVWYRUD�QLCLK
NRQFHQWUDFLMD�ODN^H�MH�QDSUDYLWL�JUH^NX��'MHORYDQMH
QHaLVWR`D�MH�L]UDCHQLMH�SUL�QLCLP�NRQFHQWUDFLMDPD�
WDNR�GD�L�RQH�X�RYRP�VOXaDMX�PRJX�LPDWL�XWLFDM�QD
SRVWRMDQMH�VLVWHPDWVNRJ�RGVWXSDQMD�L�YH`H�QHSUH�
FL]QRVWL��YH`H�YULMHGQRVWL�56'��X�GUXJRP�VOXaDMX�
1D�SRVWRMDQMH�VLVWHPDWVNH�JUH^NH�XWLFDM�PRJX�LPDWL�L
YUOR�PDOH�SURPMHQH�WHPSHUDWXUH�VLVWHPD�XNROLNR�VH
WHPSHUDWXUD�QH�XVSLMH�RGUCDWL�NRQVWDQWQRP�
=DNOMXaDN

0HWRGD�]D�NYDQWLWDWLYQR�RGUH_LYDQMH�PDQJDQD
SRND]XMH�QLVNH�YULMHGQRVWL�UHODWLYQLK�VWDQGDUGQLK
GHYLMDFLMD�^WR�XND]XMH�QD�YLVRNX�SUHFL]QRVW�LVWH��7H
YULMHGQRVWL�VH�NUH`X�X�RSVHJX�RG�����¬������5H]XO�
WDWL�VH�UDVLSDMX�SR�*DXVRYRM�UDVSRGMHOL�QD�̂ WD�XND]XMX
QLVNH�YULMHGQRVWL�]DNULYOMHQRVWL�L�NXUWR]LVD�

8�RED�VOXaDMD�MH�SRND]DQR�GD�SRVWRML�VLVWHPDWVNR
RGVWXSDQMH�VUHGQMH�YULMHGQRVWL�RG�WDaQH�YULMHGQRVWL�
.DNR�QLVPR�UDGLOL�SUHWKRGQX�NDOLEUDFLMX�LQVWUXPH�
QDWD��QH�PRCH�VH�SRX]GDQR�WYUGLWL�GD�OL�WR�RGVWXSDQMH
JRYRUL�R�VLVWHPDWVNRM�JUH^FL�FMHORNXSQH�PHWRGH�

,DNR�OLPLW�GHWHNFLMH�QLMH�ELR�X�IRNXVX�RYRJ�LV�
WUDCLYDQMD�PRCH�VH�UH`L�GD�VH�PMHUHQMD�PRJX�L]YRGLWL
VDPR�GR�NRQFHQWUDFLMH�.0Q2��RG������PRO�GP���MHU
MH�SUL�WRM�NRQFHQWUDFLML�SURPMHQD�ERMH�MHGYD�YLGOMLYD
JROLP�RNRP��^WR�]QDaL�GD�MH�OLPLW�GHWHNFLMH�0Q��
MRQD�X�UDVWYRUX�GHVHW�SXWD�PDQML�RG�JRUQMH�NRQFHQ�
WUDFLMH�SHUPDQJDQDWD�XSRWUHEOMHQRJ�]D�RGUH_LYDQMH�WH
MH�UHGD�YHOLaLQH�����PRO�GP��

=DKYDOQRVW��)LOLSX�$QGUL`X��DSVROYHQWX�+HPLM�
VNRJ�IDNXOWHWD�X�%HRJUDGX��QD�LGHML�L�QD�VYHVUGQRM
SRPR`L�SUL�UHDOL]DFLML�RYRJ�UDGD�

/LWHUDWXUD�
$GOHU�6��-����1R\V��/��0���������-��$P��&KHP�6RF�����������
$QGUL`�)��������2GUH_LYDQMH�SURL]YLRGDUDVWYRUOMLYRVWL�0Q�[)H�&1��]�QD�RVQRYX�NLQHWLaNLKSDUDPHWDUD�]D�RNVLGDFLMX�RNVDOQH�NLVHOLQH�NDOLMXPSHUPDQJDQDWRP��0DWXUVNL�UDG��*LPQD]LMD�6YHWL6DYD��3RCHJD
%URZQ�7��/���/H0D\��+��(���%XUVWHQ��%��(�������&KHPLVWU\�WKH�FHQWUDO�VFLHQFH��3UHQWLFH�+DOO
ARUEL`�0���%RMDQRYL`�0��������2S^WD�KHPLMD�*RUQML�0LODQRYDF��'HaMH�1RYLQH
'RQGXU�9��������+HPLMVND�NLQHWLND��%HRJUDG�1DXaQD�NQMLJD
.RXSDULV�0��$���.DUD\DQLV�0��,��������$QDO�&KLP��$FWD������������
3HUOH]�'���6LOYD�0��������.LQHWLF�PHWKRG�LQDQDOLWLFDO�FKHPLVWU\��&KLFKHVWH��(OOLV�+DUZRRG�
)LOLSRYL`�,���/LSDQRYL`�6��������2S`D�LDQRUJDQVND�NHPLMD��=DJUHE��>NROVND�NQMLJD
+RMPDQ�-��������$QDOLWLaND�KHPLMD�,�GHR�%HRJUDG��1DXaQD�NQMLJD
+ROFDMWQHU�$QWXQRYL`�,��������2S^WL�NXUV�IL]LaNHKHPLMH��%HRJUDG��)DNXOWHW�]D�IL]LaNX�KHPLMX8QLYHU]LWHWD�X�%HRJUDGX

6D^D�>RUJL`
([DPLQDWLRQ�RI�3RVVLELOLWLHV�RI�8VLQJ
WKH�.0Q2��5HGXFWLRQ�IRU4XDQWLWDWLYH�'HWHUPLQDWLRQ�RI�0LFUR
4XDQWLWLHV�RI�WKH�0Q���,RQ

7KLV�ZRUN�H[DPLQHV�WKH�SRVVLELOLWLHV�RI�XVLQJ�WKH
PRGLILHG� NLQHWLF�PHWKRG� IRU� WKH�.0Q2�� DQG
+�&�2��V\VWHP�IRU�TXDQWLWDWLYH�GHWHUPLQDWLRQ�RI�WKH
PLFUR�TXDQWLWLHV�RI�0Q���LRQ��$QGUL`�������

7KH�H[SHULPHQW�LV�FDUULHG�RXW�E\�SXWWLQJ�D�JODVV
FRQWDLQLQJ�WKH�.0Q2��VROXWLRQ�RQ�D�PDJQHWLF�PL[HU
DQG�WKHQ�DGGLQJ�WKH�PL[WXUH�RI�1D�&�2���0Q62��
DQG�+�62��VROXWLRQV�IURP�DQRWKHU�JODVV��7KH�WLPH
QHFHVVDU\�IRU�WKH�YLROHW�VROXWLRQ�WR�EHFRPH�FRORUOHVV�

=%251,.�5$'29$����� +(0,-$��• �����



ZKLFK�LV�D�YLVXDO�VLJQ�WKDW�WKH�UHDFWLRQ�LV�RYHU��LV
PHDVXUHG�XVLQJ�D�VWRSZDWFK��7KH�UHDFWLYHV�DUH�DO�
ZD\V�DGGHG�LQ�VWRLFKLRPHWULF�UHODWLRQV��H[FHSW�WKH
VXOSKXULF�DFLG�ZKLFK�LV�LQ�VXUSOXV��'XULQJ�WKH�H[�
SHULPHQW�DOO�WKH�SDUDPHWHUV�DUH�NHSW�FRQVWDQW��WHP�
SHUDWXUH�� PL[LQJ� VSHHG� DQG� FRQFHQWUDWLRQ� RI
.0Q2���1D�&�2���DQG�+�62����H[FHSW�WKH�FRQFHQ�
WUDWLRQ�RI�0Q���LRQ�

%\�PHDVXULQJ�WKH�GXUDWLRQ�RI�WKH�UHDFWLRQ��GH�
SHQGLQJ�RQ�WKH�TXDQWLW\�RI�WKH�0Q���LRQ�DGGHG�DW�WKH
EHJLQQLQJ�RI�WKH�UHDFWLRQ��ZH�FDQ�JHW�D�JUDSK�VKRZ�
LQJ�WKH�GHSHQGHQFH�RI�WKH�UHDFWLRQ�GXUDWLRQ�RQ�WKH
FRQFHQWUDWLRQ�RI�WKH�0Q���LRQ��ZKLFK�FRXOG�EH�D
VWDUWLQJ�SRLQW�IRU�TXDQWLWDWLYH�GHWHUPLQDWLRQ�RI�PLFUR
TXDQWLWLHV�RI�WKH�0Q���LRQ��7KLV�JUDSK�QHHGV�WR�EH
WUDQVIHUUHG�LQWR�OLQHDU�GHSHQGHQFH��7KLV�LV�GRQH�E\
WUDQVIHUULQJ�WLPH�LQWR�WKH�UHODWLYH�WLPH�FRRUGLQDWH��τ��
DQG�FRQFHQWUDWLRQ�RI�0Q���LRQ�LQWR�WKH�UHODWLYH�PROH
FRRUGLQDWH��ω���7KH�UHODWLYH�WLPH�FRRUGLQDWH�FDQ�EH
FDOFXODWHG�DV�WKH�TXRWLHQW�RI�WKH�WLPH�QHHGHG�IRU�WKH
GLVFRORUDWLRQ�RI�WKH�VROXWLRQ�FRQWDLQLQJ�WKH�0Q���LRQ
�W��DQG�WKH�WLPH�QHHGHG�IRU�WKH�GLVFRORUDWLRQ�RI�WKH
VROXWLRQ�ZKLFK�GRHV�QRW�FRQWDLQ�WKH�0Q���LRQ��WR�
�����7KH�UHODWLYH�PROH�FRRUGLQDWH�LV�FDOFXODWHG�DV�D
TXRWLHQW�RI�WKH�0Q���FRQFHQWUDWLRQ��QS��DQG�WKH
.0Q2��FRQFHQWUDWLRQ��QR�������7KHQ��WKH�WZR�TXR�
WLHQWV� DUH� ORJRULWKPHG� WR� JHW� D� OLQHDU� JUDSK
OQ�τ�=�I�(OQ�ω)��,Q�WKLV�JUDSK�LW�LV�QHFHVVDU\�WR�UHDG
WKH�VHJPHQW�RQ�WKH�\�D[LV��Q��DQG�WKH�FRHIILFLHQW�RI
WKH�GLUHFWLRQ��N���$FFRUGLQJ�WR�WKLV�OLQH�IRU�WKH�PHDV�
XUHG�WLPH��DQG�WKH�FDOFXODWHG�τ��OQ�ω�FDQ�EH�UHDG�IRU
WKH�XQNQRZQ�FRQFHQWUDWLRQ�RI�WKH�0Q���LRQ�����

τ�=� WWR
���

ω�=�QSQR
���

OQ�ω�=�(OQ�τ�−�Q)��N ���
ω�LV�FDOFXODWHG�E\�WDNLQJ�WKH�DQWLORJDULWKP�RI�WKH
UHVXOW��DQG�WKH�PDVV�RI�0Q���LV�FDOFXODWHG�IURP�WKH
IROORZLQJ�HTXDWLRQ�

P�=�ω�&�9�0 ���
P�¬�WKH�PDVV�RI�0Q���LRQ�[PJ]��&�¬�FRQFHQWUDWLRQ
RI�DGGHG�.0Q2��[PRO�GP�]��9�¬�YROXPH�RI�DGGHG
.0Q2�� [FP�]�� 0� ¬�PRODU�PDVV� RI�0Q��� LRQ
[J�PRO]�

7KH�PHDVXUHPHQWV�DUH�GRQH�LQ�UHDFWLRQ�V\VWHPV
ZKHUH�WKH�.0Q2��FRQFHQWUDWLRQ�LV���¬��DQG���¬�
PRO�GP���7KH�UHVXOWV�DUH�VKRZQ�LQ�JUDSKV��)LJXUH����

$IWHU�WKDW��WKH�GHVFULSWLYH�VWDWLVWLFV�IRU�WKH�UHVXOWV
LV�GRQH��$FFRUGLQJ�WR�WKH�GDWD�REWDLQHG�E\�GHVFULS�
WLYH�VWDWLVWLFV��7DEOH�����LW�LV�FRQFOXGHG�WKDW�WKHUH�LV
QR�QRWDEOH�UHVXOWV�GLVSHUVLRQ��ZKLFK�SURYHV�WKH�UHOD�
WLYHO\�KLJK�SUHFLVLRQ�RI�WKLV�PHWKRG��WKH�UHODWLYH
VWDQGDUG�GHYLDWLRQ�LV�RQO\���������$OVR��LW�LV�HYLGHQW
WKDW�WKH�UHVXOWV�DUH�GLVVLSDWLQJ�IROORZLQJ�WKH�*DXVV
/DZ�RI�GLVWULEXWLRQ��ORZ�YDOXHV�RI�NXUWRVLV�DQG
VNHZLQJ�RI�WKH�GLVWULEXWLRQ���7KH�UHODWLYH�HUURU�LV
ELJJHU�LQ�VPDOOHU�FRQFHQWUDWLRQ�RI�.0Q2���7KLV�LV
EHFDXVH�ZH�FDQQRW�VHH�VXFK�D�JRRG�FKDQJH�RI�FRORU
DV�LQ�ELJJHU�FRQFHQWUDWLRQ�RI�.0Q2���$QRWKHU�UHD�
VRQ�IRU�D�ELJJHU�UHODWLYH�HUURU�LQ�VPDOOHU�FRQFHQWUD�
WLRQV�RI�.0Q2��LV�ELJJHU�DFWLYLW\�RI�ILOWK��LPSXULW\�
ZKLFK�FDQ�DIIHFW�WKH�UHVXOWV�RI�WKH�UHDFWLRQ�GXUDWLRQ�

,W�ZDV�GHWHUPLQHG�WKDW�WKHUH�LV�D�V\VWHPDWLF�YDUL�
DWLRQ�EHWZHHQ�WKH�PHDQ�YDOXH�DQG�WKH�UHDO�YDOXH�LQ
ERWK�FDVHV��(YHQ�YHU\�VPDOO�YDULDWLRQV�RI�WHPSHUD�
WXUH�FDQ�DIIHFW�WKH�H[LVWHQFH�RI�V\VWHPDWLF�YDULDWLRQ�

)RU�GHWHUPLQDWLRQ�RI�WKH�0Q���LRQ��ZLWK�WKLV
PHWKRG��ZH�FDQ�XVH�WKH�PLQLPDO�FRQFHQWUDWLRQ�RI
.0Q2��E\���¬��PRO�GP��ZKLFK�PHDQV�WKDW�WKH�OLPLW
RI�GHWHFWLRQ�RI�0Q���ZLWK�WKLV�PHWKRG�LV���¬�
PRO�GP��
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