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8�RYRP�UDGX�SUHGVWDYLOL�VPR�0RQWH�.DUOR�VLPXODFLMX�ODVHUVNRJ�KOD_HQMD�&D�
MRQD�X�MHGQRGLPHQ]LRQDOQRP�PRGHOX�VD�GYD�HQHUJHWVND�QLYRD��=D�VYDNL�VHW�SDUD�
PHWDUD�� WHPSHUDWXUD� MH� RSDGDOD� NDGD� MH� IUHNYHQFLMD� ODVHUD� ν/� ELOD� YH`D� RG
IUHNYHQFLMH�ν��NRMD�SUHGVWDYOMD�SUHOD]�L]PH_X�GYD�HQHUJHWVND�QLYRD��'RELOL�VPR
]DYLVQRVW�PLQLPDOQH�WHPSHUDWXUH�7PLQ�RG�ν/¬ν���RGDNOH�VPR�L]PHULOL�RSWLPDOQX
YUHGQRVW�IUHNYHQFLMH�ODVHUD�ν/��7DNR_H�VPR�GRELOL�]DYLVQRVW�HILNDVQRVWL�KOD_HQMD
RG�ν/�

8YRG
7HRULMVND�SR]DGLQD�ODVHUVNRJ�KOD_HQMD

/DVHUVNR�KOD_HQMH�MH�PHWRG�KOD_HQMD�DWRPD�VD�NRMLP�MH�PRJX`H�RK�
ODGLWL�JDV�GR�YHRPD�QLVNLK�WHPSHUDWXUD��VSHFLILaQLK�]D�YUVWX�DWRPD��/XENLQ
�������0HWRG�SUHGVWDYOMD�WUHWLUDQMH�L]RORYDQRJ�DWRPD�ODVHUVNLP�]UDNRP�
=ERJ�'RSOHURYRJ�HIHNWD��IRWRQL�ELYDMX�DEVRUERYDQL�QDMYH`LP�GHORP�RG
VWUDQH�MRQD�NRML�VH�NUH`X�SUHPD�QMLPD��3UL�DEVRUERYDQMX�DWRPX�VH�SUHGDMH
L�RGUH_HQL�LPSXOV�NRML�X�QDMYH`HP�EURMX�VOXaDMHYD�XVSRUDYD�DWRP��1DNRQ
DEVRUERYDQMD��DWRP�VSRQWDQR�HPLWXMH�IRWRQ�X�SURL]YROMQRP�SUDYFX��L
VDPLP�WLP�GRELMD�LPSXOV�X�VXSURWQRP�VPHUX��$NR�SRVWDYLPR�^HVW�ODVHUD
QD�^HVW�UD]OLaLWLK�VWUDQD��GREL`HPR�VPDQMHQMH�EU]LQH�VYLK�DWRPD��aLPH�VH
GLUHNWQR�VPDQMXMH�L�QMLKRYD�EU]LQD

6WLYHQ�AX��6WHYHQ�&KX��MH�������JRGLQH�VD�VYRMLP�VDUDGQLFLPD
]DSRaHR�UDG�QD�SURMHNWX�ODVHUVNRJ�KOD_HQMD��2QL�VX�GRVWL]DOL�WHPSHUDWXUH
SULEOLCQR���¬��.��3KLOOLSV�L�0HWFDOI��������X�]DYLVQRVWL�RG�NDUDNWHULVWLND
VDPRJ�DWRPD�L�ODVHUD�NRMLP�MH�WDM�DWRP�WUHWLUDQ��8]�SRPR`�ODVHUVNRJ
KOD_HQMD�L�PDJQHWQH�]DPNH�SRVWDOR�MH�PRJX`H�]DURELWL�DWRP�X�PDORP
SURVWRUX�VD�PDORP�EU]LQRP��7DNYH�DWRPH�MH�ODN^H�L]RORYDWL�L�NRULVWLWL�]D
SRVPDWUDQMD�X�QHNLP�GUXJLP�LVWUDCLYDQMLPD�
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0RGHO�NRML�VPR�PL�SURXaDYDOL�MH�MHGQRGLPHQ]LRQDODQ��$WRPL�VX
SRVWDYOMHQL�L]PH_X�GYD�ODVHUD�NRML�LK�WUHWLUDMX�IRWRQLPD�VD�REH�VWUDQH��&R�
KHQ�7DQQRXGML�L�3KLOOLSV��������3RVOH�DEVRUERYDQMD�IRWRQD��DWRP�JD�VSRQ�
WDQR�HNVLWXMH�X�L]RWURSQRP�SUDYFX��$EVRUEFLRQD�NULYD��NRMD�SUHGVWDYOMD
]DYLVQRVW�YHURYDWQR`H�DEVRUSFLMH�RG�IUHNYHQFLMH�IRWRQD�MH�]D�&D��MRQH�GDWD
/RUHQFRYRP�GLVWULEXFLMRP�

ϕ(ν) = 

G
2 π

(ν − ν0)2 + 
G2

4

���

JGH�MH�*�^LULQD�DEVRUSFLRQH�NULYH��D�ν��IUHNYHQFLMD�IRWRQD�NRMD�RGJRYDUD
UD]OLFL�L]PH_X�HQHUJHWVNLK�QLYRD��2YH�YUHGQRVWL�]DYLVH�RG�VDPRJ�DWRPD�QD
NRPH�VH�YU^L�KOD_HQMH��=D�&D��MRQ�YUHGQRVWL�SDUDPHWDUD�*�L�ν��]D�SUHOD]
L]PH_X�QLYRD��3����L��6����X]HWH�VX�L]�UDGD�/DQNDVWHUD�L�VDUDGQLND��/DQ�
FDVWHU�HW�DO���������

9HURYDWQR`D�GD�VH�DEVRUSFLMD�GRJRGL�]D�YUHPH�W�MH�GDWD�MHGQDaLQRP�
p (t) = ϕ (ν′) e−ϕ (ν′) t ���

JGH�MH�ν′�IUHNYHQFLMD�IRWRQD�L]�UHIHUHQWQRJ�VLVWHPD�YH]DQRJ�]D�DWRP��NRMD
MH�GDWD�IRUPXORP�]D�'RSOHURY�HIHNDW�

ν′ = (1 + 
V
c

 ) νL
���

JGH�MH�9�EU]LQD�DWRPD�SR�[�RVL��D�ν/�IUHNYHQFLMD�ODVHUD��8�IRUPXOL�����VND�
OLUDOL�VPR�VSROMD^QMH�SDUDPHWUH�NDR�^WR�MH�IOXNV�ODVHUD�

8�QD^RM�VLPXODFLML�MH�SRWUHEQR�RGUHGLWL�PRPHQW�DEVRUSFLMH��'D�ELVPR
WR�XUDGLOL�SRWUHEQR�MH�GD�JHQHUL^HPR�VOXaDMDQ�EURM�SR�GLVWULEXFLML�GDWRM
MHGQDaLQRP������2YR�VH�SRVWLCH�UH^DYDQMHP�VOHGH`H�MHGQDaLQH�SR�W��3UHVV
HW�DO��������

r = ∫ 
0

t

p (t′) d t ���

JGH�MH�U�VOXaDMDQ�EURM�L]�LQWHUYDOD��������SR�XQLIRUPQRM�UDVSRGHOL��^WR�GDMH�

t = − 
ln (1 − r)

ϕ (ν′)
���

.RULVWH`L�VH�RYLP�DOJRULWPRP��L]UDaXQDYDPR�YUHPHQD�DEVRUSFLMH�]D
RED�ODVHUD��5DaXQD�VH�DEVRUEFLMD�IRWRQD�RG�ODVHUD�aLMH�MH�YUHPH�PDQMH��=D�
WLP�VH�L]UDaXQDYD�QRYL�LPSXOV�DWRPD�WDNR�^WR�VH�VWDURP�GRGD�LPSXOV�IR�
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WRQD��9HURYDWQR`D�GD�HNVLWRYDQL�DWRP�VSRQWDQR�HPLWXMH�IRWRQ�SRVOH�YUH�
PHQD�W�MH�GDWD�MHGQDaLQRP��

t = 
ln 2
t1/2

 exp(− 
ln 2
t1/2

 t) ���

JGH�MH�W����SHULRG�SROX�UDVSDGD�HNVLWRYDQRJ�VWDQMD��.RULVWH`L�LVWL�DOJRULWDP
]D�JHQHULVDQMH�VOXaDMQLK�EURMHYD�GRELMDPR�

t = − 
ln (1 − r)

ln 2
 t1/2

���

1DNRQ�HPLWRYDQMD�IRWRQD�X�L]RWURSQRP�SUDYFX��UDaXQD�VH�QRYL�LPSXOV
DWRPD�
0RQWH�.DUOR�VLPXODFLMH

0RQWH�.DUOR�VLPXODFLMH�VX�RQH�NRMH�]D�VYRMD�L]UDaXQDYDQMD�NRULVWH
VOXaDMQH�EURMHYH��6OXaDMQL�EURMHYL�NRMH�UDaXQDU�PRCH�GD�QDP�GD�VX
SVHXGRVOXaDMQL�EURMHYL�MHU�VH�L]UDaXQDYDMX�SR�RGUH_HQRP�DOJRULWPX��,SDN�
SRND]XMH�VH�GD�SRVWRMH�JHQHUDWRUL�NRML�JHQHUL^X�EURMHYH�NRML�VX�VWDWLVWLaNL
HNYLYDOHQWQL�SUDYLP�VOXaDMQLP�EURMHYLPD��%URMHYL�NRMH�JHQHUL^HPR�QD�RYDM
QDaLQ�VX�GDWL�SR�XQLIRUPQRM�UDVSRGHOL��7DNR_H�MH�PRJX^H�GRELMDWL�VOXaDMQH
EURMHYH�SR�RGUH_HQRM�IXQNFLMRQDOQRM�UDVSRGHOL��3UHVV�HW�DO���������2QR�^WR
RYX�VLPXODFLMX�aLQL�0RQWH�.DUOR�MH�XSUDYR�NRUL^`HQMH�VOXaDMQLK�EURMHYD�GR�
ELMHQLK�SR�]DGDWRM�UDVSRGHOL�

0HWRG
6LPXODFLMD�MH�QDSLVDQD�X�SURJUDPVNRP�MH]LNX�'HOSKL������8OD]QL�SR�

GDFL�VX��^LULQD�DEVRUSFLRQH�NULYH��EURM�MRQD��SRaHWQD�WHPSHUDWXUD��SHULRG
SROX�UDVSDGD�HNVLWRYDQRJ�VWDQMD��LQWHUYDO�L]PH_X�GYD�NRUDND��X�VLPXODFLML��
EURM�NRUDND�L�3 ��ν�−�ν���*��=D�VYDNL�MRQ�SDPWLPR�VOHGH`H�LQIRUPDFLMH�
EU]LQX��YUHPH�GR�VOHGH`H�DEVRUSFLMH�LOL�HPLVLMH�IRWRQD�L�GD�OL�MH�WUHQXWQR
HNVLWRYDQ�LOL�QH��=D�VHW�XOD]QLK�SDUDPHWDUD��VLPXODFLMD�L]UDaXQDYD�QDMQLCX
WHPSHDWXUX��7UHQXWQD�WHPSHUDWXUD�VH�EHOHCL�SUL�VYDNRP�NRUDNX��SD�MH
PRJX`H�UHNRQVWUXLVDWL�JUDILN�]DYLVQRVWL�WHPSHUDWXUH�RG�YUHPHQD��NDR�^WR
VH�PRCH�YLGHWL�QD�VOLFL����

1DMQLCD�WHPSHUDWXUD�NRMX�MH�PRJX`H�GRVWL`L��7PLQ��MH�GRELMHQD�XVUH�
GQMDYDQMHP�]DGQMLK�����WDaDND��NDGD�VH�WHPSHUDWXUD�VWDELOL]XMH��UDGL�VPDQMHQMD
JUH^NH��3RVOH�QHNROLNR�PHUHQMD�PRJX`H�MH�GRELWL�]DYLVQRVW�7PLQ�RG�3�
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5H]XOWDWL�L�GLVNXVLMD
3DUDPHWUL�]D�&D��MRQ�L]�UDGD�/DQNDVWHUD�L�VDUDGQLND��/DQFDVWHU�HW�DO�

������VX�LVNRUL^`HQL�NDR�XOD]QL�SRGDFL�X�QD^RM�VLPXODFLML��7L�XOD]QL�SRGDFL
VX��WDODVQD�GXCLQD�SLND�DEVRUSFLRQH�NULYH�����QP��^LULQD�DEVRUSFLRQH�NULYH
����N+��PDVD�MRQD�������¬���NJ��SHULRG�SROX�UDVSDGD�HNVLWRYDQRJ�VWDQMD
�����¬��V�L�EURM�MRQD������3DUDPHWDU�3�MH�YDULUDQ�L]PH_X�����L�����

1D�VOLFL���PRCHPR�YLGHWL�WLSLaDQ�SULPHU�SDGD�WHPSHUDWXUH�X�QD^RM
VLPXODFLML��=DYLVQRVW�7PLQ�RG�3�MH�GDWD�QD�VOLFL����6YDNR�7PLQ�MH�PHUHQR
��SXWD�]D�MHGQX�YUHGQRVW�3��

=DSDCDPR��QD�RVQRYX�JUDILND�QD�VOLFL����GD�MH�QDMQLCD�WHPSHUDWXUD
NRMX�MH�PRJX`H�GRVWL`L�RYRP�PHWRGRP��⋅��¬��.��7HPSHUDWXUX�QLMH
PRJX`H�YL^H�VPDQMLWL�MHU�'RSOHURY�HIHNDW�SRVWDMH�PDQML��6DPLP�WLP�VH�L
UD]OLND�YHURYDWQR`D�DEVRUEFLMH�L]�RED�ODVHUD�VPDQMXMH�L�ODVHUVNR�KOD_HQMH
JXEL�QD�HILNDVQRVWL��=ERJ�WRJD�WHPSHUDWXUD�QH�RSDGD�OLQHDUQR��QHJR�HNVSR�
QHQFLMDOQR��^WR�VH�WDNR_H�PRCH�]DSD]LWL�QD�JUDILNX���

-R^�MHGDQ�OLPLW�MH�aLQMHQLFD�GD�DWRP�SUL�VYDNRM�DEVRUSFLML�SULPD�HQHU�
JLMX�NRMD�MH�DQDORJQD�WHPSHUDWXUL�RG��⋅��¬��.��6DPLP�WLP�PRCHPR�GR`L
GR�]DNOMXaND�GD�VPR�X�RYRM�VLPXODFLML�GR^OL�YHRPD�EOL]X�SULURGQRJ�OLPLWD�
2YDM�OLPLW�MH�PRJX`H�SUHYD]L`L�ELUDMX`L�SUHOD]�L]PH_X�GYD�HQHUJHWVND
QLYRD�VD�PDQMRP�HQHUJHWVNRP�UD]OLNRP�

6OLND����
=DYLVQRVW�WHPSHUDWXUHRG�EURMD�LWHUDFLMD�]D3� ����

)LJXUH����
'HSHQGHQFH�RI
PLQLPDO�WHPSHUDWXUHRQ�WKH�QXPEHU�RILWHUDWLRQV�IRU�3� ����
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,QWHUHVDQWQR�MH�GD�MH�WD�PLQLPDOQD�YUHGQRVW�7PLQ�]DEHOHCHQD�QD�LQWHU�
YDOX�3�L]PH_X�����L������D�GD�UDVWH�VD�REH�VWUDQH�WRJ�LQWHUYDOD�

5DVW�PLQLPDOQH�WHPSHUDWXUH�]D�3�YH`H�RG�����VH�REMD^QMDYD�aLQMHQL�
FRP�GD�VH�SULOLNRP�UDVWD�3�YHURYDWQR`D�DEVRUSFLMH�DWRPD�NRML�VH�NUH`X�ND
ODVHUX�PQRJR�EUCH�VPDQMXMH�QHJR�NRG�DWRPD�NRML�VH�NUH`X�RG�ODVHUD��=D
YHRPD�YHOLNR�3�RYH�GYH�YHURYDWQR`H�VX�YHRPD�PDOH�L�SULEOLCQR�MHGQDNH�
6D�VOLND���L���YLGLPR�GD�MH�GUXJL�RG�GYD�QDYHGHQD�OLPLWD��GRPLQDQWQLML�]D
PDQMH�YUHGQRVWL�3��GRN�VH�SUYL�YL^H�LVSROMDYD�SUL�YHOLNLP�YUHGQRVWLPD�3�

=D�3�PDQMH�RG������]ERJ�'RSOHURYRJ�HIHNWD��YHURYDWQR`D�DEVRUSFLMH
DWRPD�NRML�VH�NUH`X�SUHPD�ODVHUX�WDNR_H�RSDGD��MHU�HIHNWLYQD�IUHNYHQFLMD
SUHPD^XMH�DEVRUSFLRQL�GHR�VD�YHOLNRP�YHURYDWQR`X��)RWRQH�QDMYL^H�DEVRU�
EXMX�DWRPL�NRML�VH�NUH`X�VSRUR��L�GRELMDMX�LPSXOV�X�SUDYFX�VYRJ�NUHWDQMD�
WDNR�GD�VLVWHP�SRaLQMH�GD�VH�JUHMH��=ERJ�RYRJD��ODVHUVNR�KOD_HQMH��GUDVWLa�
QR�JXEL�QD�HILNDVQRVWL�NDNR�VH�3�SULEOLCDYD�QXOL��

6OHGH`D�NDUDNWHULVWLND�NRMX�VPR�KWHOL�GD�LVWUDCLPR�MHVWH�HILNDVQRVW
KOD_HQMD�X�]DYLVQRVWL�RG�3��'D�ELVPR�RYR�SRVWLJOL�SUREDOL�VPR�GD�ILWXMHPR
WHPSHUDWXUQX�NULYX�QD�RSDGDMX`X�HNVSRQHQFLMDOQX�IXQNFLMX��6YD�ILWRYDQMD
VX�L]YU^HQD�X�2ULJLQX��.DR�^WR��QD�CDORVW��PRCHPR�YLGHWL�QD�JUDILNX��D�
HNVSRQHQFLMDOQD�IXQNFLMD�VD�MHGQLP�aODQRP�QLMH�RGJRYDUDMX`D��=ERJ�WRJD
VPR�LVNRULVWLOL�HNVSRQHQFLMDOQL�ILW�VD�GYD�aODQD�

y = y0 + A1 e− x / t1 + A2 e− x / t2 ���
2YD�IXQNFLMD�VH�SRND]XMH�NDR�YHRPD�GREUD�]D�ILW��NDR�^WR�VH�PRCH

XRaLWL�QD�JUDILNX��E�

6OLND����
=DYLVQRVW�HPSLULVNLL]PHUHQH�7PLQ�RGNRHILFLMHQWD�3�]D
YUHGQRVWL�EOL]XPLQLPDOQH�YUHGQRVWL7PLQ�

)LJXUH����
7KH�GHSHQGHQFH�RI
WKH�HPSLULFDOO\PHDVXUHG�7PLQ�RQ�WKHFRHIILFLHQW�3�IRUYDOXHV�QHDU�WKHPLQLPDO�YDOXH�RI7PLQ�
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=DYLVQRVW�7PLQ�RG�3��JGH�MH�7PLQ�X�VWYDUL�\��GRELMHQR�ILWRYDQMHP��MH
SULND]DQD�QD�VOLFL����5H]XOWDWL�JUXER�SRWYU_XMX�PHUHQMD�7PLQ�QD�JUDILNX���
VD�L]X]HWNRP�]D�YUHGQRVWL�3�RG�����GR����7R�VH�GHVLOR�MHU�DOJRULWDP�]D
ILWRYDQMH�QLMH�PRJDR�GD�L]UDaXQD�YUHGQRVWL�SUHFL]QLMH�RG���¬���)LWRYDOL�VPR
UD]QH�JUDILNH�VD�LVWRP�YUHGQR^`X�3�L�]DSD]LOL�GD�ILWRYDQH�YUHGQRVWL�IOXN�
WXLUDMX�]D�RNR������,�SRUHG�WRJD��JUDILN�SULEOLCQR�RSLVXMH�WUHQG�7PLQ�]D
UD]OLaLWH�YUHGQRVWL�3��

=DYLVQRVW�W��L�W��RG�3�MH�SULND]DQD�QD�JUDILNX����1D�RVQRYX�WH�GYH
YUHGQRVWL�PRCHPR�SUHGVWDYLWL�HILNDVQRVW�KOD_HQMD��>WR�VX�YH`H�YUHGQRVWL�W�
L�W��QD�JUILNX��WR�MH�PDQMD�HILNDVQRVW�KOD_HQMD��1D�JUDILNX����NRML�SUHG�
VWDYOMD�]DYLVQRVW�$��L�$��RG�3�PRCHPR�]DSD]LWL�GD�VX�XWLFDML�W��L�W��SUL�
EOLCQR�MHGQDNL��.DR�^WR�MH�VOXaDM�VD�7PLQ��WDNR�L�NRG�HILNDVQRVWL�KOD_HQMD

6OLND���
)LWRYDQMH�IXQNFLMRPVD�MHGQLP��D�
L�VD�GYDHNVSRQHQFLMDOQD�aODQD��E�

)LJXUH���
6LQJOH�H[SRQHQWLDO��D�DQG�GRXEOHH[SRQHQWLDO�ILW��E�

6OLND����
=DYLVQRVW�ILWRYDQHYUHGQRVWL�7PLQ�RGNRHILFLMHQWD�3

)LJXUH����
7KH�GHSHQGHQFH�RI
WKH�ILWWHG�YDOXH�RI7PLQ�RQ�WKHFRHIILFLHQW�3
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SRVWRML�LQWHUYDO�JGH�MH�RQ�QDMYH`L��D�VD�QMHJRYLK�VWUDQD�SRaLQMH�GD�RSDGD�
0RCH�VH�SULPHWLWL�GD�PDNVLPDOQD�HILNDVQRVW�KOD_HQMD�QLMH�QD�LVWRP�LQWHU�
YDOX�3�NDR�L�7PLQ��7R�]QDaL�GD�VH�]D�3�L]PH_X�����L���HILNDVQRVW�SRYH`DYD�
NDR�L�7PLQ��

2YDM�HIHNDW�MH�QDMEROMH�LOXVWURYDQ�QD�JUDILNX����JGH�VPR�XSRUHGLOL�GYD
KOD_HQMD�]D�UD]OLaLWH�YUHGQRVWL�3�L]�RYRJ�LQWHUYDOD��=D�3�RG���GR�����7PLQ
QDVWDYOMD�VD�UDVWRP�GRN�W��L�W��VWDJQLUDMX��6DPR�]D�YH`H�3�SURFHV�ODVHUVNRJ

6OLND����
=DYLVQRVWNDUDNWHULVWLaQLKYUHPHQD�KOD_HQMD�RG�3

)LJXUH����
&KDUDFWHULVWLF�FRROLQJWLPHV�IRU�GLIIHUHQW�3

6OLND����
=DYLVQRVWNRHILFLMHQDWD�$��L�$�RG�3

)LJXUH����
'HSHQGHQFH�$��DQG$��RI�3
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KOD_HQMD�RSDGD�QD�HILNDVQRVWL��2YR�MH�QDMEROMH�REMD^QMHQR�WLPH�GD�HIHNWL
NRML�XWLaX�QD�7PLQ�WDNR_H�XWLaX�QD�HILNDVQRVW�KOD_HQMD��RVLP�SULURGQRJ
OLPLWD��.DNR�MH�RYDM�HIHNDW�GRPLQDQWDQ�]D�7PLQ�X�LQWHUYDOX�3�RG�����GR
����]DNOMXaXMHPR�GD�`H�7PLQ�X�RYRP�LQWHUYDOX�ODJDQR�UDVWL��GRN�W��L� W�
RSDGDMX�LOL�VWDJQLUDMX��=D�YHOLNH�YUHGQRVWL�3�VH�SULPH`XMH��NDR�^WR�MH�L
RaHNLYDQR��GD�VH�VYL�SDUDPHWUL�QDJOR�SRYH`DYDMX��

=DNOMXaDN
/DVHUVNR�KOD_HQMH�MH�YHUQR�RSLVDQR�RYLP�UDGRP�L�VLPXODFLMRP��,DNR

MH�PRGHO�YHRPD�MHGQRVWDYDQ��RQ�RSLVXMH�VYH�ELWQH�NDUDNWHULVWLNH�VLVWHPD�
'RELMHQD�PLQLPDOQD�WHPSHUDWXUD�VH�VODCH�VD�WHRULMVNLP�RaHNLYDQMLPD��

2YDM�PRGHO�LPD�GRVWD�PHVWD�]D�SUR^LULYDQMH��3UYR��PRUDPR�QDVWDYLWL
GD�LVWUDCXMHPR�MR^�QHNH�NDUDNWHULVWLNH�VLVWHPD�NDR�̂ WR�VX�L]ERU�DWRPD�L�GLV�
WULEXFLMD�HQHUJLMD�DWRPD��3UR^LUHQMHP�PRGHOD�YH`LP�EURMHP�HQHUJHWVNLK
QLYRD��RQ�SRVWDMH�UHDOLVWLaQLML�L�RWYRUHQ�]D�LVNRUL^`DYDQMH�]D�ELOR�NRML�DWRP�

0RGHO�PRCH�ELWL�SUR^LUHQ�QD��'�L��'�X�EXGX`HP�UDGX��7DNR_H�MH
PRJX`H�XQDSUHGLWL�LPSOHPHQWDFLMX�ODVHUD�WDNR�GD�VH�IUHNYHQFLMD�ODVHUD
PHQMD�X�UHDOQRP�YUHPHQX�

=DKYDOQRVW��#HOHR�ELK�GD�]DKYDOLP�VYRMLP�PHQWRULPD�1LNROL�3HWURYL`X
L�0LORYDQX�>XYDNRYX�]D�SUXCHQX�SRPR`�L�YR_VWYR�PRJ�UDGD�X�RYRP�SURMHNWX�
7DNR_H�ELK�]DKYDOLR�$QGULML�-RYDQRYL`X�]D�SRPR`�X�SUHYRGX�QD�HQJOHVNL
MH]LN��1D�NUDMX��CHOHR�ELK�GD�VH�]DKYDOLP�,VWUDCLYDaNRM�6WDQLFL�3HWQLFD�QD
SUXCHQRM�^DQVL�]D�UDG�QD�RYDNR�SRXaQRP�L�HGXNDWLYQRP�SURMHNWX�

6OLND����
3RUH_HQMH�KOD_HQMD�]D3� �����L�3� ��

)LJXUH����
&RPSDULVRQ�RIWHPSHUDWXUHGHSHQGHQFH�IRU3� �����DQG�3� ��
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/LWHUDWXUD
/XENLQ�*��%��������([SHULPHQWHUV�&RRO�+HOLXP�%HORZ�6LQJOH�3KRWRQ�5H�FRLO�/LPLW�LQ�7KUHH�'LPHQVLRQ��3K\VLF�7RGD\��-DQXDU\����
3KLOOLSV�:��'���0HWFDOI�+��-��������&RROLQJ�DQG�7UDSSLQJ�$WRPV��6FLHQ�WLILF�$PHULFDQ��0DUW����
&RKHQ�7DQQRXGML�&��1���3KLOOLSV�:��'��������1HZ�0HFKDQLVPV�IRU�/D�VHU�&RROLQJ��3K\VLF�7RGD\��2FWREHU����
/DQFDVWHU�*��3��7���+kIIQHU�+���:LOVRQ�0��$���%HFKHU�&���(VFKQHU�-��&FKPLGW�.DOOHU�)���%ODWW�5��������'RSSOHU�FRROLQJ�D�VLQJOH�&D��LRQ�ZLWKD�YLROHW�H[WHQGHG�FDYLW\�GLRGH�ODVHU��$SSO��3K\��%���������
3UHVV�:��+���7HXNROVN\�6��$���9HWWULQJ��:��7���)ODQQHU\�%��3��������1X�PHULFDO�5HFHSLHV�LQ�&��&DPEULGJH�8QLYHUVLW\�3UHVV

0LOR^�6UH`NRYL`
0RQWH�&DUOR�6LPXODWLRQ�RI�/DVHU�&RROLQJ

/DVHU�FRROLQJ�LV�D�PHWKRG�E\�ZKLFK�ZH�FDQ�FRRO�WKH�JDV�WR�YHU\�ORZ
WHPSHUDWXUHV��/XENLQ��������,I�ZH�VKLQH�D�ODVHU�EHDP�RQ�LVRODWHG�DWRPV�
EHFDXVH�RI�WKH�'RSSOHU�HIIHFW�WKH�SKRWRQV�DUH�DEVRUEHG��PRVWO\�E\�WKH�LRQV
WKDW�DUH�PRYLQJ�LQ�WKH�RSSRVLWH�GLUHFWLRQ��7KH�DWRPV�VSRQWDQHRXVO\�HPLW�D
SKRWRQ�LQ�D�UDQGRP�GLUHFWLRQ�DQG�KHQFH�WKH\�HIIHFWLYHO\�UHFHLYH�PRPHQ�
WXP�RSSRVLWH�WR�WKH�GLUHFWLRQ�RI�WKHLU�PRYHPHQW��,I�ODVHUV�DUH�SODFHG�RQ
DOO�VL[�VLGHV��WKH\�UHGXFH�WKH�VSHHG�RI�WKH�DWRPV�LQ�DOO�GLUHFWLRQV��HIIHF�
WLYHO\�FRROLQJ�WKHP�

,Q�WKLV�0RQWH�&DUOR�VLPXODWLRQ�ZH�VWXGLHG�WKH�EDVLF�RQH�GLPHQVLRQDO
PRGHO�RI�ODVHU�FRROLQJ��:H�VLPXODWH�WKH�PRWLRQ�RI�DWRPV�ZKLFK�DUH�WUDS�
SHG�EHWZHHQ�WZR�ODVHUV�DORQJ�RQH�GLUHFWLRQ��:H�XVH�UDQGRP�QXPEHUV�IURP
WKH�0D[ZHOO�GLVWULEXWLRQ�WR�JHQHUDWH�DWRP�YHORFLWLHV�DW�WKH�EHJLQQLQJ�RI
WKH�VLPXODWLRQ��)RU�HDFK�DWRP�ZH�JHQHUDWH�D�UDQGRP�QXPEHU�ZKLFK�UHS�
UHVHQWV�WKH�WLPH�XQWLO�WKH�SKRWRQ�LV�DEVRUEHG�DQG�LW�LV�FRQVLGHUHG�WKDW�WKH
DEVRUSWLRQ�ZDV�DFKLHYHG�ZLWK�WKH�ODVHU�IRU�ZKLFK�WKH�JHQHUDWHG�WLPH�LV
VPDOOHU��7KHVH�UDQGRP�QXPEHUV�DUH�IURP�WKH�GLVWULEXWLRQ�JLYHQ�E\�HTXD�
WLRQ������ZKLFK�UHSUHVHQWV�WKH�SUREDELOLW\�WKDW�WKH�DEVRUSWLRQ�RI�SKRWRQV
KDSSHQV�DW�WLPH�W��$IWHUZDUGV��WKH�DWRP�VSRQWDQHRXVO\�HPLWV�D�SKRWRQ�DIWHU
D�WLPH�ZKLFK�LV�D�UDQGRP�QXPEHU�IURP�WKH�GLVWULEXWLRQ�JLYHQ�E\�HTXDWLRQ
�����:H�FDQ�WKXV�FDOFXODWH�WKH�QHZ�PRPHQWXP�RI�WKH�DWRP�DQG�ZH�UHSHDW
WKLV�SURFHGXUH�XQWLO�WKH�WHPSHUDWXUH�RI�WKH�V\VWHP�LV�VWDELOL]HG�

:H�QRWH��EDVHG�RQ�)LJXUH����WKDW�WKH�ORZHVW�WHPSHUDWXUH�SRVVLEOH�WR
DFKLHYH�XVLQJ�WKLV�PHWKRG�LV��⋅��¬��.��7KLV�WHPSHUDWXUH�FDQQRW�EH�IXUWKHU
UHGXFHG�EHFDXVH�RI�WKH�'RSSOHU�OLPLW��$QRWKHU�OLPLWDWLRQ�LV�WKH�IDFW�WKDW
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WKH�DWRP�LQ�HDFK�DEVRUSWLRQ�UHFHLYHV�WKH�HQHUJ\�ZKLFK�FRUUHVSRQGV�WR�D
WHPSHUDWXUH�RI�DW�OHDVW��⋅��¬��.�

7KH�QH[W�FKDUDFWHULVWLF�ZH�VWXGLHG�ZDV�WKH�GHSHQGHQFH�RI�WKH�FRROLQJ
HIILFLHQF\�ZLWK�UHVSHFW�WR�3� ��ν�¬�ν���*��ZKHUH�ν�LV�WKH�IUHTXHQF\�RI�WKH
ODVHUV�DQG�ν��DQG�*�DUH�WKH�SHDN�DQG�WKH�ZLGWK�RI�WKH�DEVRUSWLRQ�FXUYH�
UHVSHFWLYHO\��:H�ILWWHG�WKH�WHPSHUDWXUH�GHSHQGHQFH�WR�HTXDWLRQ�����DQG�IRU
HDFK�3�ZH�REWDLQHG�W��DQG�W���ZKLFK�LQGLFDWH�WKH�HIILFLHQF\�RI�ODVHU�FRRO�
LQJ��7KH�GHSHQGHQFH�RI�W��DQG�W��ZLWK�UHVSHFW�WR�3�LV�JLYHQ�LQ�)LJXUH���
,W�LV�LQWHUHVWLQJ�WR�QRWH�WKDW�D�YHU\�ORZ�YDOXH�RI�3�\LHOGV�D�IDVWHU�UDWH�RI
FRROLQJ��EXW�DOVR�D�KLJKHU�PLQLPDO�WHPSHUDWXUH�LQ�FRPSDULVRQ�ZLWK�VOLJKWO\
KLJKHU�YDOXHV�RI�3�

7KH�SKHQRPHQRQ�RI�ODVHU�FRROLQJ�LV�GHVFULEHG�ZHOO�E\�WKLV�SDSHU�DQG
VLPXODWLRQ��$OWKRXJK�WKH�PRGHO�XVHG�KHUH�LV�YHU\�VLPSOH��LW�DFFXUDWHO\�GH�
VFULEHV�DOO�WKH�UHOHYDQW�FKDUDFWHULVWLFV�RI�ODVHU�FRROLQJ��7KH�REWDLQHG�PLQL�
PDO�WHPSHUDWXUHV�DUH�LQ�JRRG�DJUHHPHQW�ZLWK�WKHRUHWLFDO�H[SHFWDWLRQV��
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