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0DJLaQL�NYDGUDWL�VX�MR^�RG�DQWLaNLK�YUHPHQD�ELOL�MHGQD�RG�QDMSRSXODUQLMLKPDWHPDWLaNLK�]DEDYD��5DQLK������WLK��6HGODaHN�VH�]DSLWDR�GD�OL�VH�PDJLaQRVWPRCH�SULPHQLWL�QD�JUDIRYH��1HNROLNR�JRGLQD�NDVQLMH��.RW]LJ�L�5RVD�IRUPXOLVDOLVX�SUREOHP�QXPHUDFLMH�JUDIRYD��:DOOLV��������1XPHUDFLMD�MH�SULGUXCLYDQMHSULURGQLK�EURMHYD�VNXSX�HOHPHQDWD�JUDID��aYRURYLPD�LOL�JUDQDPD��7R�VH�PRCHXUDGLWL�QD�UD]OLaLWH�QDaLQH��1DMLQWHUHVDQWQLML�RG�QMLK�VX�RQL�JGH�VH�EURMHYL�SUL �GUXCXMX�L�aYRURYLPD�L�JUDQDPD�EH]�SRQDYOMDQMD��0DJLaQL�JUDIRYL�VX�GRVWD�NUDWNR�SURXaDYDQL��MHU�VX�ELOL�SRWLVQXWL�QRYLPSUREOHPRP�JUDFLR]QLK�JUDIRYD��WH�SRVWRML�GRVWD�RWYRUHQLK�SUREOHPD�X�RYRM�RE �ODVWL��6�GUXJH�VWUDQH��UH^HQMD�WLK�SUREOHPD�VX�VYH�WUDCHQLMD��MHU�JUDIRYL�SRVWDMXVYH�DNWXHOQLML��SURQDOD]L�VH�VYH�YL^H�QMLKRYLK�UD]OLaLWLK�SULPHQD�X�VYHWX�NRP �SMXWHUD�L�LQGXVWULML��7DNR�VH�QD�SULPHU�PDJLaQL�JUDIRYL�NRULVWH�X�SRYH]LYDQMXOLQNRYD��3UHWSRVWDYLPR�GD�WUHED�GRGHOLWL�DGUHVH�QHNLP�OLQNRYLPD�QD�LQWHUQHWX�3RWUHEQR�MH�GD�VYH�DGUHVH�EXGX�UD]OLaLWH�L�GD�VH�PRJX�SURQD`L�SRPR`X�GYDSRYH]DQD�OLQND��7R�MH�UH^HQR�NRUL^`HQMHP�PDJLaQRVWL�SR�JUDQDPD��'DNOH��SUREOHPD�YH]DQLK�]D�PDJLaQH�JUDIRYH�MH�VYH�YL^H��SRWUDCQMD�]DQMLPD�MH�VYH�YH`D��WH�RQL�SUHGVWDYOMDMX�YHOLNL�L]D]RY�PODGLP�PDWHPDWLaDUL �PD��EDU�MH�WR�ELR�VOXaDM�VD�QDPD�8�RYRP�UDGX�LVSLWLYDQD�MH�PDJLaQRVW�JUDID�SR�aYRURYLPD��8UD_HQ�MHSURJUDP�NRMLP�MH�LVSLWDQD�PDJLaQRVW�]D�QHNH�WRaNRYH��SXW�L�NRQWXUX�L�DQD �OL]LUDQ�RGQRV�EURMD�UH^HQMD�X�]DYLVQRVWL�RG�NRQVWDQWH�K�
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3UHOLPLQDULMH8�RYRP�GHOX�GHILQLVD`HPR�VDPR�QHNH�QRYH�SRMPRYH�YH]DQH�NRQ�NUHWQR�]D�PDJLaQRVW�JUDIRYD�SR�aYRURYLPD��6YH�GUXJH�GHILQLFLMH�PRJX�VHSURQD`L�NRG�9��3HWURYL`D��3HWURYL`�������'HILQLFLMD��� *UDI�*�MH�PDJLaDQ�SR�aYRURYLPD DNR�SRVWRMH�ELMHNFLMD
λ � 9 ∪ (→ 


�� �� …� H + Y


 L�NRQVWDQWD�K�VD�RVRELQRP

λ([) + ∑ λ\ ∝ [ ([\) = K�]D�VYDNL�aYRU�[ ∈ 9�'UXJLP�UHaLPD�JUDI�* �(�9��MH�PDJLaDQ�SR�aYRURYLPD�DNR�VHaYRURYL�L�JUDQH�PRJX�QXPHULVDWL�EURMHYLPD�RG�� GR�H�Y��WDNR�GD�YDCL�GDMH�]ELU�WHCLQH�aYRUD�L�VYLK�JUDQD�NRMH�SROD]H�L]�WRJ�aYRUD�NRQVWDQWDQ�]DVYDNL�aYRU�JUDID�*��.DNR�ELVPR�LOXVWURYDOL�RYX��QD�SUYL�SRJOHG�QH]JUDSQXGHILQLFLMX��QDYRGLPR�QHNROLNR�SULPHUD��VOLND����

'HILQLFLMD��� 1HND�MH�λ � 9 ∪ (→ 

�� �� …� H + Y


 MHGQR�SR�aYRURYLPDPDJLaQR�R]QDaDYDQMH�JUDID�*�VD�NRQVWDQWRP�K��1HND�MH�VY = ∑ λ[ ([)� D

VH = ∑ λ[ ∝ \ ([\)��%LMHNFLMD�λ′ � 9 ∪ (→ 

�� �� …� H + Y


 GDWD�VD

λ′([) = (Y + H +�) − λ ([) L� λ′([\) = (Y + H +�) − λ ([\) ]RYH�VH GXDO�RG�λ�,VSLWLYDQMH�PDJLaQRVWL
8�RYRP�GHOX�QDYRGLPR�QD^H�UH]XOWDWH�SURXaDYDQMD�PDJLaQRVWL�SRaYRURYLPD�]D�NRQWXUH��SXWHYH��WRaNRYH��NDR�L�MR^�QHNH�RVRELQH�YH]DQH�]DPDJLaQH�JUDIRYH��NUR]�QL]�WHRUHPD��6D�D�� D�� …� DY R]QDaHQL�VX�EURMHYLGRGHOMHQL�SUL�QXPHUDFLML�aYRURYLPD�JUDID��D�VD�E�� E�� …� EH EURMHYL�GRGH�OMHQL�JUDQDPD�

6OLND���
)LJXUH���
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.RQWXUH &Q7HRUHPD����&Q MH�SR�aYRURYLPD�PDJLaDQ�]D�VYH�Q ³ ��'RND]� 3UREOHP�VH�VYRGL�QD�PDJLaQR�SR�JUDQDPD�R]QDaDYDQMH�NRQ�WXUH�&Q NRMH�SRVWRML�]D�VYDNR�Q��1HND�MH�λ′ PDJLaQD�SR�JUDQDPD��D�λPDJLaQD� SR� aYRURYLPD� QXPHUDFLMD� NRQWXUH� &Q�� 8]PLPR� GD� MH
λ ([L) = λ′([L [L + �) L� λ ([L [L + �) = λ′([L + �)�� 1D� RYDM� QDaLQ� GRELMDPRPDJLaQR�SR�aYRURYLPD�R]QDaDYDQMH�NRQWXUH�&Q��1DYRGLPR�MR^�L�SULPHU�QXPHUDFLMH�]D�RS^WL�VOXaDM�]D�QHSDUDQ�EURMaYRURYD��JGH�MH�K �Q����AYRURYLPD�L�JUDQDPD�SULGUXCXMHPR�EURMHYH


�� �� …�Q


 ��AYRURYLPD�GRGHOMXMHPR�SDUQH�EURMHYH��D�JUDQDPD�QHSDUQHNDR�QD�VOLFL����-DVQR�MH�GD�MH�QD�WDM�QDaLQ�VYDNL�RG�EURMHYD�GRGHOMHQ�WDaQRMHGQRP��aLPH�MH�]DGRYROMHQ�XVORY�GD�GDWR�SUHVOLNDYDQMH�EXGH�ELMHNFLMD��=DSDUQR�Q QHSRVUHGQR�UH^HQMH�VH�GRELMD�QD�QH^WR�NRPSOLNRYDQLML�QDaLQUD]PDWUDQMHP�YL^H�VOXaDMHYD�

3XWHYL�3Q7HRUHPD����3Q MH�SR�aYRURYLPD�PDJLaDQ�]D�VYH�Q��'RND]� 3RVPDWUDMPR�NRQWXUX�&Q�¬�H��JGH�WHCLQD�JUDQH�H L]QRVL����1X�PHUL^LPR�JUDQH�NRQWXUH�WDNR�GD�MH�λ ([L) = λ ([L) − ���1D�WDM�QDaLQ�VPR�GR�ELOL�PDJLaQR�SR�aYRURYLPD�R]QDaHQ�SXW�3Q�1DYRGLPR�MR^�L�QXPHUDFLMX�SXWD�3Q ]D�QHSDUQR�Q X�RS^WHP�VOXaDMX�]D� K = �Q − � �VOLND�����AYRURYLPD�L�JUDQDPD�SULGUXCXMHPR�EURMHYH


�� �� …�Q − �


 �� *UDQDPD� GRGHOMXMHPR� YUHGQRVWL� RG� �� GR� Q − ��� DaYRURYLPD�RG�Q GR��Q − ���6YL�EURMHYL�RG�Q GR��Q − � VX�GRGHOMHQL�WDaQRSR�MHGQRP�VYDNRP�RG�aYRURYD��®QHSDUQLP¯�JUDQDPD�VX�GRGHOMHQL�EURMHYLRG���GR�Q − �� ��D�®SDUQLP¯�JUDQDPD�EURMHYL�RG�Q − �� GR�Q − ���GDNOH�VYDNL

6OLND���
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RG�EURMHYD�MH�GRGHOMHQ�WDaQR�MHGQRM�JUDQL�RGQRVQR�aYRUX��=D�SDUDQ�EURMaYRURYD�QHSRVUHGQR�UH^HQMH�MH�PRJX`H�GRELWL��DOL�MH�GRVWD�NRPSOLNRYDQLMHMHU�SRVWRML�PQRJR�VOXaDMHYD��D�SULQFLS�MH�LVWL�NDR�L�]D�QHSDUQH�7RaNRYL�:Q7HRUHPD����:Q�MH�PDJLaDQ�SR�aYRURYLPD�]D�Q ∈ 

�� �� �� …� ��


 �'RND]��.DR�GRND]�QDYRGLPR�SR�MHGDQ�SULPHU�]D�VYDNL�RG�WRaNRYD�:��:�� ¬�VOLND����-R^�QHNH�RVRELQH�SR�aYRURYLPD�PDJLaQLK�JUDIRYD

7HRUHPD��� $NR�VX�*�L�+�JUDIRYL�VD�LVWLP�EURMHP�aYRURYD�WDNYL�GDMH�* ∪ + SR�aYRURYLPD�PDJLaDQ��RQGD�MH�L�* ∇ + SR�aYRURYLPD�PDJLaDQ�* ∇ + VH�GRELMD�NDGD�VH�VYDNL�aYRU�L]�*�SRYHCH�VD�VYDNLP�aYRURP�L]�+��'RND]��1HND�MH�Y EURM�aYRURYD�JUDID�* RGQRVQR�+��D�H� L�H� EURMJUDQD�JUDID�* RGQRVQR�+��%URMHYL�NRMH�GRGHOMXMHPR�JUDQDPD�L�aYRURYLPDJUDID�* ∪ + VX�

�� �� …� �Y + H� + H�


��D�RQH�NRMH�SULGUXCXMHPR�aYRURYLPDJUDID�* ∇ + VX� 


�� �� …� �Y + H� + H� + Y�


 ��'RND]D`HPR�GD�PRCHPR�QX�PHULVDWL�JUDI�* ∇ + QH�PHQMDMX`L�YH`�QXPHULVDQH�aYRURYH�L�JUDQH�WRJJUDID��SUL�QXPHUDFLML�JUDID�* ∪ +���WM��GD�EURMHYH�RG��Y + H� + H� + � GR�Y + H� + H� + Y� PRCHPR�UDVSRUHGLWL�QD�GRGDWLK�Y� JUDQD�WDNR�GD�JUDI* ∇ + EXGH� PDJLaDQ� SR� aYRURYLPD�� 2]QDaLPR� QL]� EURMHYD� RG�Y + H� + H� + � GR� �Y + H� + H� + Y� VD� FQ��5D]PDWUD`HPR�VOHGH`HVOXaDMHYH����Y = �N3RGHOLPR�QL]�FY QD�GYD�GHOD��8]PLPR�SR�Y� SUYLK�L�SRVOHGQMLK�EURMHYD

RG� VYDNRJ�GHOD� QL]D�FY�� 1MLKRY� ]ELU� MH� (�Y + H� + H�) Y + (Y� + �) Y��3RQDYOMDMX`L�SRVWXSDN�RGDELUDPR�SR�Y EURMHYD�NRMH�GRGHOMXMHPR�JUDQDPDNRMH�L]OD]H�L]�MHGQRJ�aYRUD��2aHYLGQR�MH�GD�VX�VYL�]ELURYL�GRELMHQL�GDWLPSRVWXSNRP�MHGQDNL��^WR�]QDaL�GD�VX�XVORYL�]D�PDJLaQRVW�]DGRYROMHQL�]D
6OLND���QDVSUDPQD�VWUDQD��
)LJXUH����RSSRVLWH�SDJH��
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aYRURYH�JUDID�*��3RWUHEQR�MH�MR^�GRND]DWL�GD�VH�PRCH�QDSUDYLWL�WDNYD�SHU�PXWDFLMD�EURMHYD�L]DEUDQLK�]D�MHGDQ�aYRU�WDNR�GD�XVORYL�EXGX�]DGRYROMHQLL�]D�aYRURYH�JUDID�+��1HND�MH�EL�M WHCLQD�JUDQH�NRMD�VSDMD�aYRU L VD�aYRURPM��8�VYDNL�aYRU�L]�+ XOD]L�WDaQR�SR�MHGQD�JUDQD�L]�VYDNRJ�RG�aYRURYD�L]*��WM��WDaQR�MHGDQ�EURM�L]�VYDNH�Y�WRUNH�EURMHYD��7DNR�MHGQRP�RG�aYRURYDSULGUXCLPR� Y�WRUNX� (E�� Y+�� E���� E��� …� EN� N−� EN+�� Y+�−(N−�)� …� EY� Y−�)�3RQDYOMDMX`L�SRVWXSDN�®SUYL�SRVOHGQML¯�GRELMDPR�QXPHUDFLMX�JUDID*∇ + NRMD�]DGRYROMDYD�XVORYH�PDJLaQRVWL����Y  ��N ����3RGHOLPR�QL]�FY QD��N�����GHORYD��3RVWXSDMX`L�DQDORJQR�SUHWKRGQRPSULPHUX�GRELMDPR�QXPHUDFLMX�JUDID�*∇ + NRMD�]DGRYROMDYD�XVORYHPDJLaQRVWL�����Y  ��N �����3RGHOLPR�QL]�QD�Y GHORYD�L�SRVWXSDPR�VOLaQR�NDR�X�VOXaDMX����1D�WDMQDaLQ�GRELMDPR�PDJLaQX�QXPHUDFLMX�JUDID�*∇ +��aLPH�VPR�SRND]DOL�GD�MHWYU_HQMH�]DGDWND�WDaQR�7HRUHPD����'XDO�λ′ MH�SR�aYRURYLPD�PDJLaQR�R]QDaDYDQMH�DNNR�MH*�UHJXODUDQ�JUDI�'RND]���⇐ � 1HND�MH�* UHJXODUDQ�JUDI��'RND]D`HPR�GD�MH�GXDO�λ′ SRaYRURYLPD� PDJLaDQ�� 3RVPDWUDMPR� SURL]YROMDQ� aYRU� DL L� JUDQHE�� E�� …� EV NRMH�SROD]H�L]�QMHJD��7DGD�YDCL��DL + E� + E� + …+ EV = K��8GXDOX�λ′ XRaHQL�aYRU�LPD�YUHGQRVW�H + Y + � − DL��D�JUDQH�LPDMX�YUHGQRVWLH + Y + � − E��� H + Y + � − E��� …�� H + Y + � − EV�� 7DGD� YDCL�� K′ =
= (H + Y + �)(V + �) − K��.DNR�MH�JUDI�UHJXODUDQ��WR�MH�V MHGQDNR�]D�VYDNLaYRU��SD�MH�L�K′ NRQVWDQWQR�]D�VYDNL�aYRU�GXDOD��^WR�]QDaL�GD�MH�L�GXDO�SRaYRURYLPD�PDJLaDQ��⇒ ��1HND�MH�λ′ SR�aYRURYLPD�PDJLaDQ�JUDI��'RND]D`HPR�GD�WDGD�*PRUD�ELWL�UHJXODUDQ��3UHWSRVWDYLPR�VXSURWQR��GD�JUDI�* QLMH�UHJXODUDQ�1HND�VX�D� L�D� GYD�VXVHGQD�aYRUD�JUDID�*��E� JUDQD�NRMD�LK�SRYH]XMH�E�� E�� …� EV JUDQH�NRMH�SROD]H�L]�D���D�E�� E′�� …� E′S JUDQH�NRMH�SROD]HL]�D���7DGD�YDCL��DL + E� + E� + …+ EV = DL + E� + E′� + E′� + …+ E′S = K��8GXDOX�λ′ YDCL��K′ = (H + Y + �)(V + �) − K �]D� aYRU� ���� RGQRVQR�K′  
= (H + Y + �)(S + �) − K �]D�aYRU�����7R�]QDaL�GD�QLMH�]DGRYROMHQ�XVORY�PD�JLaQRVWL�SR�JUDQDPD�]D�GXDO�λ′��.RQWUDGLNFLMD�1DYRGLPR�L�QHNROLNR�QHMHGQDNRVWL�NRMH�YDCH�]D�SR�aYRURYLPD�PDJLa�QH�JUDIRYH��NRMH�VH�GRVWD�MHGQRVWDYQR�GRND]XMX��WH�GRND]H�SUHSX^WDPR�aL�WDRFX�
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7HRUHPD����=D�VYDNL�JUDI�*�NRML�LPD�SR�aYRURYLPD�PDJLaQR�R]QD�aDYDQMH�YDCL�VY + �VH = YK = VH + 


Y + H + �� 



��JGH�VX�VY L�VH ]ELURYL�WHCLQDVYLK�aYRURYD�RGQRVQR�JUDQD�7HRUHPD��� =D�VYDNL�JUDI�*�NRML�LPD�SR�aYRURYLPD�PDJLaQR�R]QD�aDYDQMH�YDCL�


Y + H + �� 




+ 


H + �� 




≤ YK ≤ � 


Y + H + �� 




− 


Y + �� 



�7HRUHPD ���=D�NRPSOHWDQ�EXSDUWLWDQ�JUDI�.P�P NRML�LPD�SR�aYRUR�YLPD�PDJLaQR�R]QDaDYDQMH�VD�NRQVWDQWRP�K�YDCL���((P + �)� −P�) ≤ K ≤ ��((P + �)� +P�)�

3URJUDP�]D�SURQDODCHQMH�PDJLaQH�QXPHUDFLMH�JUDID
3URJUDP�NRML�VPR�QDSLVDOL�]D�SURQDODCHQMH�SR�aYRURYLPD�PDJLaQH�QX�PHUDFLMH�JUDID�UDGL�SR�VOHGH`HP�SULQFLSX��XaLWD�JUDI�X�PDWULFX�D GLPHQ]LMDY × Y��SUL�aHPX�EURMHYL�QD�JODYQRM�GLMDJRQDOL�SUHGVWDYOMDMX�WHCLQH�aYRURYD�WH�VX�SUL�XQR^HQMX����GRN�MH�DL�M WHCLQD�JUDQH�L]PH_X�aYRURYD� L�L�M�L�SULXQR^HQMX�MH����3RWRP�VH�HOHPHQWLPD�JUDID�GRGHOMXMX�EURMHYL�RG���GR�H�YL�PHWRGRP�EDFNWUDFN�D�VH�WUDCH�VYD�PRJX`D�PDJLaQD�R]QDaDYDQMD�JUDID�0DWULFD�P SDPWL�SHUPXWDFLMH�EURMHYD�RG���GR H�Y��%URMHYL�NRML�VX�XSRWUH�EOMHQL��L�NRML�YL^H�QH�PRJX�ELWL�XEDaHQL�X�PDWULFX�P��XSLVXMX�VH�X�VNXS�V�3URFHGXUD�PDJLFJUDSK SUDYL�SHUPXWDFLMH�EURMHYD�RG���GR�H�Y NRML�QH�SUL�SDGDMX�VNXSX�V WDNR�GD�]ELU�EURMHYD�X�VYDNRM�YUVWL�EXGH�MHGQDN�K��2YGHQDYRGLPR�SURFHGXUX�PDJLFJUDSK�

SURFHGXUH�PDJLFJUDSK�K�L�M�LQWHJHU��V�VNXS��VXP�X�LQWHJHU��YDU�N�EL�EM�LQWHJHU�EHJLQLI�L Y���WKHQEHJLQZULWHOQ�IRU�EL� ��WR�Y�GREHJLQZULWHOQ�IRU�EM� ��WR�Y�GR ZULWH�P>EL�EM@�¶�¶��HQG�ZULWHOQ�I��IRU�EL� ��WR�Y�GREHJLQZULWHOQ�I��IRU�EM� ��WR�Y�GR ZULWH�I�P>EL�EM@�¶�¶��HQG�LQF�UHV��HQG�LI�X ��WKHQ�PDJLFJUDSK�K�L���L���V�SUYLK�L��XN>L��@��SRSXQ�L����HOVHLI�D>L�M@��WKHQEHJLQLI��M Y��RU��X ���WKHQEHJLQ]� K�VXP�LI��]���DQG��]��WKHQ
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6SHNWUL�UH^HQMD�]D�UD]OLaLWH�K
5D]PDWUDQMHP�RGQRVD�EURMD�UH^HQMD�X�]DYLVQRVWL�RG�NRQVWDQWH�K��X]L�PDPR�VYH�PRJX`H�YUHGQRVWL�]D�NRQVWDQWX�K� NRMH�GRELMDPR�WULYLMDOQLP�UD�aXQRP�L]�XVORYD�PDJLaQRVWL��GR^OL�VPR�GR�VOHGH`LK�UH]XOWDWD����NRG SXWHYD VSHNWUL�VX�VOLaQL��EURM�UH^HQMD�UDVWH�GR�QHNH�YUHGQRVWL�D�GDOMH�VD�SRUDVWRP�K EURM�UH^HQMD�RSDGD��VYH�GR�PDNVLPDOQH�YUHGQRVWL�KJGH�X]LPD�YUHGQRVW������NRG WRaNRYD�QLMH�XRaHQD�QLNDNYD�SUDYLOQRVW�X�SURPHQL�EURMDUH^HQMD����NRG NRQWXUD�XRaHQR�MH�GD�VX�VSHNWUL�VLPHWULaQL �&��L�&���¬�VOLND���� RGQRVQR� EURM� UH^HQMD� ]D�PD[(K) − L MHGQDN�MH�EURMX�UH^HQMD�]DPLQ(K) − L ]D�VYDNR�L ∈ 
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