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χ% = µR G0G% ���
JGH�MH�µR PDJQHWQD�SURSXVWOMLYRVW�YDNXXPD��D�0 PDJQHWL]DFLMD�VLVWHPD��8�SUDNVL�VH�aHVWR�NRULVWH�VXVFHSWLELOQRVW�SR�MHGLQLaQRM�]DSUHPLQL�GDWHVXSVWDQFH�χP NDR�L�PRODUQD�VXVFHSWLELOQRVW�χP�PRO��SUL�aHPX�YDCL�χP�PRO   �χP9PRO��JGH�MH�9PRO ]DSUHPLQD�MHGQRJ�PROD�SRVPDWUDQH�VXSVWDQFH��8]DYLVQRVWL�RG�]QDND�L�LQWHQ]LWHWD�VXVFHSWLELOQRVWL��PDJQHWLFL�VX�VYUVWDQL�XWUL�JUXSH�¬ GLMDPDJQHWLFL��aLMD�MH�χP QHJDWLYQD�L�PDOD�SR�DSVROXWQRM�YUHGQRVWL�|χP�PRO| L]QRVL�SULEOLCQR���¬�� GR���¬�� P��PRO ��¬ SDUDPDJQHWLFL��aLMD�χP WDNR_H�QLMH�YHOLND�SR�DSVROXWQRM�YUHGQRVWL�DOL�MH�SR]LWLYQD��χP�PRO L]QRVL�SULEOLCQR���¬�� GR���¬� P��PRO��
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.YDQWQD�PHKDQLND�SUHGYL_D�SRVWRMDQMH�HIHNWLYQH�LQWHUDNFLMH�REOLND-L�M6L6M PH_X�VSLQRYLPD�HOHNWURQD�VXVHGQLK�DWRPD��JGH�MH 6Q  ��6Q[��6Q\��6Q]�RSHUDWRU�NRML�GDMH�YUHGQRVW�VSLQD�HOHNWURQD�X�ODQFX��0RGHO�PDJQHWQRJVLVWHPD�X�NRPH�VH�LQWHUDNFLMD�PH_X�VXVHGQLP�GLSROLPD�REMD^QMDYDPH_XVREQLP�LQWHUDNFLMDPD�VXVHGQLK�VSLQ�RSHUDWRUD�6L SULGUXCHQLK�VYDNRM`HOLML�PRGHOD�QD]LYD�VH�+DM]HQEHUJRY�PRGHO�
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+ = − -∑Q 6Q 6Q + � ���
IHURPDJQHWQQRJ��+)��-  ����LOL�DQWLIHURPDJQHWQRJ VLVWHPD��+$��-  �¬���+DPLOWRQLMDQ�NRML�RGJRYDUD�GDWRP�PRGHOX�RG�1�aYRURYD��XNROLNR�VHVLVWHP�QH�QDOD]L�X�VSROMD^QMHP�PDJQHWQRP�SROMX��MH�

+ = − -∑Q (6Q[ 6Q+�[ + 6Q\ 6Q+�\ + 6Q] 6Q+�] ) ���
WM�

+ = − -∑Q 


�� (6Q+ 6Q+�− + 6Q− 6Q+�+ ) + 6Q] 6Q+�] 




���
JGH�VX�6Q[� 6Q\��6Q]� 6Q �6Q[ ± L6Q\ VSLQ�RSHUDWRUL�L�-� ���X IHURPDJQHW�QRP��D�-  �¬��X�DQWLIHURPDJQHWQRP�VOXaDMX��'HORYDQMH�RSHUDWRUD�6Q��6Q]�.DUEDFK�HW�DO��������QD�YHNWRU�|σ� …σ1 〉 ��JGH�σQ = ↑ SUHGVWDYOMD�XSVSLQ��D�σQ = ↓ GRZQ VSLQ�QD�Q�WRM�`HOLML�X�ODQFX��SULND]DQR�MH�X�WDEHOL���
7DEHOD����3UDYLOD�SR�NRMLPD�VSLQ�RSHUDWRUL�6Q��6Q] GHOXMX�QD�ED]LVQLYHNWRU�| σ� …σQ 〉

|…σN = ↑ …〉 |…σN = ↓ …〉6N+ � |…σN = ↑ …〉6N− |…σN = ↓ …〉 �6N] �⁄� |…σN = ↑ …〉 �⁄� |…σN = ↑ …〉

*HQHUDOQR��NUDMQMD�VYUKD�XSRWUHEH�QXPHULaNLK�SURUDaXQD�X�LVSLWLYDQMXUD]OLaLWLK�IL]LaNLK�YHOLaLQD�MHVWH�QMLKRYR�SRUH_HQMH�VD�HNVSHULPHQWDOQLP�UH�]XOWDWLPD�XRaHQLP�QD�PDNURVNRSVNLP�VLVWHPLPD��%URM�aHVWLFD�NRMH�XaHVWYX�MX�X�WDNYLP�VLVWHPLPD�GUDVWLaQR�MH�YH`L�RG�EURMD�aHVWLFD�aLMH�MH�SRQD^DQMHPRJX`H�LVSLWDWL�NRPSMXWHUVNLP�VLPXODFLMDPD�X�SUDNVL��-HGDQ�RG�QDaLQD�GDVH�GRQHNOH�SUHYD]L_X�RJUDQLaHQMD�X]URNRYDQD�PDOLP�EURMHP�aHVWLFD�X�VLV�WHPX�MHVWH�RNUXCLYDQMH�SRVPDWUDQRJ�VLVWHPD�NRSLMDPD�LVWLK�WDNYLK�VLVWHPD�7R�MH�W]Y��PHWRG�SHULRGLaQLK�JUDQLaQLK�XVORYD��8�QD^HP�VOXaDMX�MHGQRGL�PHQ]LRQDOQRJ�VLVWHPD�RYD�SUHWSRVWDYND�L]UDCDYD�VH�X�REOLNX�61�Q  �6Q�%HWKH�DQVDW] PHWRG
%HWKH�DQVDW] SUHGVWDYOMD�HJ]DNWDQ�PHWRG�]D�L]UDaXQDYDQMH�VYRMVWYHQLKYUHGQRVWL�L�VYRMVWYHQLK�YHNWRUD�MHGQH�NODVH�NYDQWQLK�YL^HaHVWLaQLK�VLVWHPD�,DNR�MH�RYH�YHOLaLQH�PRJX`H�GRELWL��X]�PDQML�WUXG��QXPHULaNL�SULPHQRPJUXEH�VLOH��SUHGQRVW�%HWKH�DQVDW]�D�RJOHGD�VH�X�WRPH�̂ WR�MH�X�RYRP�VOXaDMXVYDNR�VYRMVWYHQR�VWDQMH�RGUH_HQR�VNXSRP�NYDQWQLK�EURMHYD�SRPR`X�NRMLK
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MH�PRJX`H�UD]OLNRYDWL�RYD�VWDQMD�SUHPD�QMLKRYLP�VSHFLILaQLP�IL]LaNLP�RVR�ELQDPD��NDR�L�X�aLQMHQLFL�GD�MH�SRPR`X�RYDNR�GRELMHQLK�VYRMVWYHQLK�YUHG�QRVWL�X�PQRJLP�VOXaDMHYLPD�PRJX`H�SURFHQLWL�IL]LaNH�YHOLaLQH�VLVWHPD�XWHUPRGLQDPLaNRP�OLPLWX��*X�HW�DO��������2YGH�`HPR�VH�RVYUQXWL�QD�NUDMQML�REOLN�L�RS^WH�UH^HQMH�%HWKH�DQVDW]MHGQDaLQD�]D��'�+DM]HQEHUJRY�PRGHO��GRN�MH�GHWDOMDQ�DQDOLWLaNL�SRVWXSDNQMLKRYRJ�GRELMDQMD�L�UH^DYDQMD�PRJX`H�SURQD`L�X�UDGX�0��.DUEDKD��.DU�EDFK�HW�DO��������1HND�U R]QDaDYD�EURM�GRZQ �↓ ��VSLQRYD�RG�1 `HOLMD�ODQFD��U  �1����.ODVD�U  ����VDVWRML�VH�RG�MHGQRJ�YHNWRUD�NRML�XMHGQR�SUHGVWDYOMD�L�RVQRYQRVWDQMH�IHURPDJQHWLND�|)〉 = | ↑↑…↑ 〉 ��6YRMVWYHQL�YHNWRU��]D�SURL]YROMQR�U�SUHGVWDYOMD�VXSHUSR]LFLMX�ED]LVQLK�YHNWRUD��
|Ψ〉 = ∑�≤Q�≤Q� ≤…≤QU≤1

D(Q�� Q�� … � QU) |Q〉 ���
JGH�MH�|Q〉 = |Q�� Q�� …QU〉 = 6Q�− 6Q�− …6QU− |Q〉 ��%HWKH�DQVDW] SUHWSRVWDYOMDREOLN�NRHILFLMHQDWD�D�Q���Q���… ��QU���D(Q�� Q�� … � QU) = ∑3∈ 6U

H[S (L∑L=� NSL QM + L� ∑L<� θSL SM) ���
SUL�aHPX�VH�VXPLUDQMH�YU^L�SR�VYLK U���3�∈ 6U��SHUPXWDFLMD�VNXSD�{ �����…��U} �,]�VYRMVWYHQH�MHGQDaLQH�+ |ψ〉 = ( |ψ〉 L�IRUPXOD�����L�����L]YRGH�VH�¬�IRUPXOD�]D�HQHUJLMX�VLVWHPD�

( − (R = ∑M = � - (� − FRV NM) ���
¬�MHGQDaLQH�%HWKH�DQVDW]�D�

� FWJ θLM� = FWJ NL� − FWJ NM� ���
1 NL = �πλL + ∑M ≠ L θ LM��L�M� ��… U ���

JGH� λL SUHGVWDYOMD� VNXS� WDNR]YDQLK� %HWKH�RYLK�NYDQWQLK�EURMHYD�λL ∈ 

�� �� …� Q−�


��� D� NL VX�NRHILFLMHQWL�XYHGHQL�%HWKH�DQVDW] SUHW�SRVWDYNRP�REOLND�NRHILFLMHQDWD�D (Q�� …� QU) L]�IRUPXOH������SUL�aHPX�MH

θLM �¬θML ID]QL�XJDR�]D�VYDNL�SDU�NRHILFLMHQDWD��NL��NM��L�(R = -1�����,]ORCHQD�IRPXODFLMD�%HWKH�DQVDW]�D�SRJRGQD�MH�]D�UD]XPHYDQMH�SULQ�FLSD�QD�NRPH�PHWRG�UDGL��QR�NRG�SRNX^DMD�LPSOHPHQWDFLMH�DOJRULWPD�]DUH^DYDQMH�MHGQDaLQD�����L�����MDYLOL�VX�VH�UD]OLaLWL�SUREOHPL��1DLPH��]D
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VYDNR�U RG�PRJX`LK�&U1 + U − � NRPELQDFLMD�]D�VHW�λL VDPR�QMLK�&U1 RGUH_XMXVYRMVWYHQR�VWDQMH�VLVWHPD��3UREOHP�SURQDODCHQMD�NRPSOHWQRJ�VNXSD�VYRM�VWYHQLK�YHNWRUD�VLVWHPD�MH�YHRPD�VORCHQ��6OHGH`D�SUHSUHND�MH�QHPRJX`QRVWL]UDaXQDYDQMD�NRHILFLMHQDWD�NL ]D�QHNH�NRPELQDFLMH�NYDQWQLK�EURMHYD�λL��LOLYHOLNH�JUH^NH�X�VOXaDMHYLPD�NDGD�VX�WUDCHQL�NYDQWQL�EURMHYL�NL GRELMHQL��2V�QRYQL�UD]ORJ�]D�WR�MH�aLQMHQLFD�GD�NRHILFLMHQWL�NL PRJX�X]LPDWL�NDNR�UHDOQH�WDNR�L�NRPSOHNVQH�YUHGQRVWL��'RN�MH�UHDOQL�GHR�EURMD�NL RJUDQLaHQ�NL ∈ [�� �π] ���LPDJLQDUQL�GHR�X]LPD�SURL]YROMQH�YUHGQRVWL��NRMH��]ERJRJUDQLaHQLK�NRPSMXWHUVNLK�UHVXUVD��QLVPR�X�PRJX`QRVWL�GD�RGUHGLPR�VDGRYROMQRP�WDaQR^`X��-HGDQ�RG�QDaLQD�]D�SUHYD]LODCHQMH�RYRJ�SUREOHPD�MHVWH�SULPHQD�W]Y�VWULQJ�KLSRWH]H��6DYHO\HY�������X�%HWKH�DQVDW]�X�QD�RVQRYX�NRMH�VX��DQD�ORJQR�NYDQWQLP�EURMHYLPD�λL L�NRHILFLMHQWLPD�NL��VYDNRP�QL]X�PH_XVREQRVXVHGQLK�aYRURYD�VD�GRZQ �↓ ��VSLQRP��VWULQJX��GXCLQH�Q GRGHOMHQL�NYDQWQLEURM�,γQ L�NRHILFLMHQW�[γ
Q��SUL�aHPX��αQ R]QDaDYD�EURM�VWULQJRYD�GXCLQH�Q��D

γ UHGQL�EURM�Q�VWULQJD�X�+DM]HQEHUJRYRP�ODQFX��γ  ��…αQ��8]�RYH�SUHW�SRVWDYNH��MHGQDaLQH�%HWKH�DQVDW]�D�GRELMDMX�IRUPX�
1 ϑ([γ

Q �Q) = �π,γQ + ∑P� β ≠ Q� γθQ� P ([γQ − [β
P) ����

SUL�aHPX�MH�1 GXCLQD�ODQFD��ϑ([) = DUFWJ [��L�
θQ�P ([) = θ 




[
 Q − P








+ � θ 



[
 Q − P + � E




+ …

…+ � θ 



[Q + P − �



+ θ 



[Q + P


��Q ≠ P

θQ�P ([) = θ 


[�



+ � θ 


[�



+ …+ � θ 



[Q − �



+ θ 


[�Q



��Q  �P

����

[γQ SUHGVWDYOMD�UHDOQL�GHR�NRHILFLMHQWD�[γQ�M SULGUXCHQRJ�VYDNRP�aYRUX�X�SRV�PDWUDQRP�VWULQJX� [γ
Q�M = [γ

Q + L (Q + � − �M)��M = �� …� Q ����2YDNYLP�RGDELURP�VLVWHPD�]D�]DSLVLYDQMH�NRHILFLMHQDWD�UH^DYDQMHMHGQDaLQD�%HWKH�DQVDW]�D�VYRGL�VH�QD�UDG�LVNOMXaLYR�VD�UHDOQLP�EURMHYLPD�3ULPHWLPR�GD�EURMHYL�Q�VWULQJRYD�X�ODQFX�αQ ]DGRYROMDYDMX�UHODFLMX�
α� + � α� + …+ (U − �) αU−� + U αU = U ����JGH�U R]QDaDYD�XNXSDQ�EURM�aYRURYD�VD�GRZQ VSLQRP��
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.YDQWQL�EURM�Q�VWULQJD�,γQ MH�FHR��SROX�FHR��EURM��XNROLNR�MH�1 − αQQHSDUQR��SDUQR��L�YDCL�RJUDQLaHQMH�


,γQ ≤ (1 − � −∑P=� WQ�P αP) ⁄ � ����

JGH�MH�WQ�P ≡ �PLQ(Q� P) − δQ�P�8�QRYRM�QRWDFLML��IRUPXOD�]D�HQHUJLMX�VLVWHPD�RNDUDNWHULVDQRJ�VNXSRPNYDQWQLK�EURMHYD�


,γQ



JODVL�
( 



,γQ



= − 1 -� + ∑Q� γ

� -Q
([γ
Q)� + Q� ����

$OJRULWDP
'D�ELVPR�L]�IRUPXOH������GRELOL�VYRMVWYHQX�YUHGQRVW�HQHUJLMH�VLVWHPD�SRWUHEQR�MH�QXPHULaNL�UH^LWL�MHGQDaLQH�%HWKH�DQVDW]�D������L������SR�[γ

Q�6OHGL�SUHJOHG�NRUDND�X�SRVWXSNX�QMLKRYRJ�UH^DYDQMD��]D�]DGDW�EURM�GRZQVSLQRYD�U�L�VNXS�NYDQWQLK�EURMHYD�


,γQ



����*HQHUL^H�VH�VNXS�VOXaDMQLK�YUHGQRVWL�]D�[γ

Q �[γ
Q ∈ [�� �πQ)�� ≤ Q ≤ U��γ= � …Q����3R�IRUPXOL������UDaXQD�VH�VNXS�θQ�P ]D�RGDEUDQL�VNXS�[γ

Q����3RPR`X�GRELMHQLK�YUHGQRVWL�]D�θLM��SR�IRUPXOL�
[γ
Q∗ = Q WJ �π,γ

Q + ∑P�β ≠ Q�γθQ�P ([γ
Q − [β

P)

1 ����
L]YHGHQRM�L]�MHGQDaLQH������UDaXQDPR�QRYL�VHW�NRHILFLMHQDWD�[γQ∗ ����$NR�MH�


[γ
Q − [γ

Q∗ 

��H��JGH�MH�H QHNL�SUHWKRGQR�GHILQLVDQL�NULWHUL�MXP�WDaQRVWL��QD_HQR�MH�UH^HQMH��8�VXSURWQRP�YUHGQRVWL�[γ

Q ]DPHQLPR�SUH�WKRGQR�L]UDaXQDWLPD�[γ
Q∗ L�YUDWLPR�VH�QD�SUHWKRGQL��WUH`L��NRUDN����8NROLNR�VH�X�XQDSUHG�]DGDWLK�LPD[ NRUDND�XWYUGL�GD�SURFHGXUD�GL�YHUJLUD��YUD`DPR�VH�QD�NRUDN���L�VD�QRYLP�JHQHULVDQLP�YUHGQRVWLPD�]D[γ

Q SRQDYOMPR�FHR�SRVWXSDN�1XPHULaNL %HWKH�DQVDW] UDGL�WDNR�^WR�]D�VYDNX�PRJX`X�NRQILJXUDFLMX



αQ



L�,γQ UDaXQD�VYRMVWYHQH�YUHGQRVWL�SR�QDYHGHQRP�DOJRULWPX��SUL�aHPX
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EURM�VYLK�PRJX`LK�NRQILJXUDFLMD�NYDQWQLK�EURMHYD�&1��1 HNVSRQHQFLMDOQRUDVWH� 3ULPHQD�0RQWH�&DUOR PHWRGD�QD�RYRP�PHVWX�RPRJX`DYD�QDP�GDXPHVWR�FHORJ�HQHUJLMVNRJ�VSHNWUD�SRVPDWUDPR�VDPR�QHNH��QD�VOXaDMDQQDaLQ�RGDEUDQH�VYRMVWYHQH�YUHGQRVWL��YRGH`L�UDaXQD�R�WRPH�GD�VYH�VYRM�VWYHQH�YUHGQRVWL�EXGX�RGDEUDQH�VD�LVWRP�YHURYDWQR`RP��2GDELU�WLK�VYRM�VWYHQLK�YUHGQRVWL�YU^LPR SRQDYOMDQMHP�VOHGH`LK�NRUDND�����3R^WR�HQHUJLMD�VLVWHPD�]DYLVL�SUYHQVWYHQR�RG�EURMD�aYRURYD�VDGRZQ�VSLQRP��QD�VOXaDMDQ�QDaLQ�ELUDPR�Uµ X]LPDMX`L�X�RE]LU�GD�MH�EURMVWDQMD�VD�Uµ GRZQ�VSLQRYD�&Uµ1 − &Uµ − �1 ��WH�YHURYDWQR`D�RGDELUD�Uµ L]QRVL


&Uµ1 − &Uµ − �1 


⁄&1��1 ����=D�RGDEUDQR�Uµ VYH�PRJX`H�NRQILJXUDFLMH�VWULQJRYD�



αQ



PRJX`H�MHRGUHGLWL�L]�XVORYD������L�RaLJOHGQR�MH�

∑
α� + …+ UαU

'





αQ



 = 


&Uµ − �1 − &Uµ − �1 


����

'





αQ





R]DaDYD� EURM� VWDQMD� RNDUDNWHULVDQLK� NYDQWQLP� EURMHYLPD




,γQ



SULGUXCHQLK�NRQILJXUDFLML�VWULQJRYD�



αQ



L�YDCL�

6WRJD� VWULQJ� NRQILJXUDFLMX� 


αQ



ELUDPR� VD� YHURYDWQR`RP'




αQ



 ⁄ 


&Uµ − �1 − &Uµ − �1 


�����=D�RGUH_HQR�



αQ



QD�VOXaDMDQ�QDaLQ�ELUDPR�NRQILJXUDFLMX�NYDQWQLKEURMHYD� 



,γQ



L�]D�WDNR�RGDEUDQH�SDUDPHWUH�VWDQMD�SULPHQRP�SUHWKRGQRL]ORCHQRJ�DOJRULWPD�UH^DYDPR�%$�MHGQDaLQH��D�]DWLP�L]�IRUPXOH������GR�ELMDPR�YUHGQRVW�HQHUJLMH�GDWRJ�VWDQMD���7HUPRGLQDPLaNH�RVRELQH�PRGHOD

6WDWLVWLaND�PHKDQLND�SUXCD�PRJX`QRVW�LVSLWLYDQMD�WHUPRGLQDPLaNLKRVRELQD�PRGHOD��XNROLNR�VX�SR]QDWH�LQIRUPDFLMH�R�HQHUJHWVNRP�VSHNWUXVLVWHPD��6WDWLVWLaND�WHCLQD�]D�VWDQMH�GDWH�HQHUJLMH�( VLVWHPD�X�VWDWLVWLaNRP�DQ�VDPEOX��SR]QDWD�NDR�SDUWLFLRQD�IXQNFLMD��]D�GDWL�PRGHO�GHILQLVDQD�MH�VD�
= = ∑

µ

(1 − � Uµ + �) H−β Hµ ����
JGH�MH�β LQYHU]QD�WHPSHUDWXUD��Σµ SUHGVWDYOMD�VXPX�SR�VYLP�PRJX`LPVYRMVWYHQLP�VWDQMLPD�+DPLOWRQLMDQD��1 EURM�aHVWLFD��D�Uµ EURM�GRZQ��↓ �

^ `� � �  ¦�  U
L

UM MMLL1Q W11&' L
L� � �� DD D ����
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VSLQRYD�X�SRVPDWUDQRP�µµ�VWDQMX�VLVWHPD��3R]QDYDQMH�SURPHQH�SDUWLFLRQHIXQNFLMH�X�]DYLVQRVWL�RG�WHPSHUDWXUH�LOL�QHNRJ�GUXJRJ�VSROMD^QMHJ�IDNWRUDNRML�XWLaH�QD�VLVWHP�RPRJX`DYD�QDP�GD�VD]QDPR�VYH�^WR�CHOLPR�R�PDN�URVNRSVNRP�SRQD^DQMX�VLVWHPD��1D�SULPHU��VUHGQMD�YUHGQRVW�XQXWUD^QMH�HQ�HUJLMH�L�PDJQHWL]DFLMH�VLVWHPD�PRJX�VH�L]UDaXQDWL�SR�REUDVFLPD�
〈(〉�=��=�∑�

µ

(1�−���Uµ�+��)�(µ�Hβ�(µ ����
〈0〉�=��=�∑�

µ

��∑�Uµ=−1��+Uµ
���Uµ] �H−β(µ ����

1D� LVWL� QDaLQ� UDaXQDPR�YUHGQRVW� 〈(�〉 �� D� L]� WRJD� L� YDULMDQVX
σ(��=�〈(�〉�−�〈(〉2��)DNWRU�(1�−���Uµ�+��)�X�IRUPXODPD������L������MDYOMD�VHNDR�SRVOHGLFD�GHJHQHUDFLMH�SRMHGLQLK�HQHUJHWVNLK�QLYRD��.DNR�MH�G=�Gβ�  �=(��YUHGQRVW� VSHFLILaQH� WRSORWH�SR�`HOLML�+DM]HQEHUJRYRJ� ODQFD&�7��≡�G(�G7�PRJX`H�MH�GRELWL�GLIHUHQFLUDQMHP�MHGQDaQH������

&�=�β�1 �(〈(�〉�−�〈(〉2) ����
)OXNWXDFLMH�X�PDJQHWL]DFLML�VLVWHPD�L�VXVFHSWLELOQRVW�SRYH]DQH�VXVOLaQRP�UHODFLMRP��

χ�=�β�1 �(〈0�〉�−�〈0〉2) ����
3ULPHQD�QD�IL]LaNL�VLVWHP

1D�RVQRYX�QDYHGHQRJ�DOJRULWPD�L]�SUHWKRGQLK�SDUDJUDID��X�SURJUDP�VNRP�MH]LNX�&�LPSOHPHQWLUDQ�MH�SURJUDP�aLMD�MH�VYUKD�SULPHQD�RSLVDQLKPHWRGD�X�LVSLWLYDQMX�WHUPRGLQDPLaNLK�RVRELQD�PDJQHWLND��3URJUDP�MH�WHV�WLUDQ�QD�VLVWHPX�NRML�SUHGVWDYOMD�+DM]HQEHUJRY�ODQDF�RG�1� ����`HOLMH�-HGQDaLQH�%HWKH�DQVDW]�D�UH^DYDQH�VX�QXPHULaNL�VD�WDaQR^`X������]D�[γ
Q�8]�SUROD]DN�NUR]�QPD[� ������UD]OLaLWLK�µµ�VWDQMD�VLVWHPD�aLMH�VX�GHWHUPL�QDQWH�ELUDQH�QD�RSLVDQ�QDaLQ��SRPR`X�REUD]DFD������������������L�����UDaXQDWD�MH�]DYLVQRVW�VSHFLILaQH�WRSORWH�L�VXVFHSWLELOQRVWL�IHURPDJQHWLND�LDQWLIHURPDJQHWLND�RG�WHPSHUDWXUH��3UHFL]QRVW�PHWRGD�RFHQMHQD�MH�UDaXQDQMHP�VWDQGDUGQH�JUH^NH�]D�UH]XO�WDWH�GRELMHQH�X����SRQRYOMHQLK�VLPXODFLMD��6UHGQMD�YUHGQRVW�L�VWDQGDUGQDJUH^ND�SULND]DQH�VX�QD�JUDILFLPD�]DYLVQRVWL�VSHFLILaQH�WRSORWH��VOLND����L
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VXVFHSWLELOQRVWL��VOLNH���L����RG�WHPSHUDWXUH��X�MHGLQLFDPD�7�|-|��-� ���]DIHURPDJQHWLN��D�-� �¬��]D�DQWLIHURPDJQHWLN��7DaNH�QD�JUDILNX�]D�IHURPDJQHWLN�R]QDaHQH�FUYHQRP�ERMRP�SUHG�VWDYOMDMX�WHRULMVNH�YUHGQRVWL�SRVPDWUDQLK�YHOLaLQD�GRELMHQH�PHWRGRP�NRMDMH�SR]QDWD�NDR�WHUPRGLQDPLaNL�%HWKH�DQVDW]��*X�HW�DO��������'RELMHQL�JUDILFL�]DYLVQRVWL�VSHFLILaQH�WRSORWH�L�VXVFHSWLELOQRVWL�VX�XVDJODVQRVWL�VD�WHRULMVNLP�SUHGYL_DQMLPD�SRQD^DQMD�DQWLIHURPDJQHWLND�NDGDQLMH�SULVXWQR�VSROMD^QMH�PDJQHWQR�SROMH��NRG�DQWLIHURPDJQHWLND�SRVWHSHQUDVW�VXVFHSWLELOQRVWL�VD�SRYH`DQMHP�WHPSHUDWXUH�GR�RGUH_HQH�NULWLaQH�WDaNH�D�]DWLP�QMHQ�SDG�SUL�ID]QRP�SUHOD]X�X�SDUDPDJQHWLN��D�NRG�DQWLIHURPDJ�QHWLND�QDJOL�SDG�VXVFHSWLELOQRVWL�QD�NULWLaQRM�WHPSHUDWXUL�L�SUHOD]DN�IHUR�PDJQHWLND�X�SDUDPDJQHWLN��6D�JUDILND�XRaDYDPR�GD�NULWLaQD�WHPSHUDWXUDID]QRJ�SUHOD]D�]D�IHURPDJQHWLN�L]QRVL�7&�)� �����.�|-|��D�]D�DQWLIHURPDJ�QHWLN�7&�)� �����.�|-|�3RUH_HQMHP�GRELMHQLK�EURMaDQLK�YUHGQRVWL�]D�IHURPDJQHWLN�VD�LVWLPYHOLaLQDPD�GRELMHQLP�SULPHQRP�VWDQGDUGQRJ�PHWRGD�QXPHULaNRJ�%HWKHDQVDW]�D��*X�HW�DO��������XWYU_HQR�MH�GD�VH�UHODWLYQH�JUH^NH�NUH`X�X�LQWHU�YDOX�������=DNOMXaDN
3RVWDYND�SUREOHPD�L]UDaXQDYDQMD�HQHUJLMH�RGUH_HQRJ�VWDQMD�VLVWHPDSRPR`X�%HWKH�DQVDW]�D�XVORYLOD�MH�EU]X�NRQYHUJHQFLMX�ND�NRUHQLPDMHGQDaLQD��WH�VH�X�QHNROLNR�VHNXQGL�GRELMDMX�UH^HQMD�YHOLNH�SUHFL]QRVWL�0H_XWLP��NDNR�EURM�VYRMVWYHQLK�VWDQMD�VD�SRYH`DQMHP�1�HNVSRQHQFLMDOQRUDVWH��SRVWDMH�QHPRJX`H�VD�UDVSRORCLYLP�NRPSMXWHUVNLP�UHVXUVLPD�SRQRYLWLRYDM�SRVWXSDN�]D�VYD�PRJX`D�VWDQMD��2YDM�SUREOHP�UH^HQ�MH�SULPHQRP0RQWH�&DUOR�DOJRULWPD�NRML�RPRJX`DYD�GD�LQIRUPDFLMH�R�HQHUJLMVNRPVSHNWUX�VLVWHPD�GRELMHPR�SRVPDWUDQMHP�VDPR�RGUH_HQRJ�VNXSD�VYRM�VWYHQLK�YHNWRUD�VLVWHPD��WDNR�GD�VH�L]ORCHQL�SULVWXS�RGUH_LYDQMD�RVRELQDPDJQHWLND�PRCH�SULPHQLWL�L�NRG�GUXJLK�PRGHOD�NYDQWQLK�YL^HaHVWLaQLKVLVWHPD�X�NRMLPD�MH�WH^NR�SRMHGLQDaQR�LVSLWDWL�RVRELQH�VYDNRJ�RG�PRJX`LKVWDQMD�WLK�VLVWHPD��3UHWSRVWDYND�MH�GD�MH�MHGDQ�RG�X]URND�YHOLNH�GHYLMDFLMHUH]XOWDWD�X�EOL]LQL�DSVROXWQH�QXOH�L�NULWLaQH�WHPSHUDWXUH�ID]QRJ�SUHOD]DSRVOHGLFD�QHGRYROMQRJ�NYDOLWHWD�QDaLQD�VHOHNFLMH�UHSUH]HQWDWLYQLK�VWDQMD�QDGNRMLPD�VH�YU^H�SURUDaXQL��3URQDODCHQMH�QDaLQD�GD�VH�SUHYD]L_H�RYRRJUDQLaHQMH�SUHGVWDYOMD�L]D]RYQX�L�LQWHUHVDQWQX�WHPX�]D�GDOMH�LVWUDCLYDQMH�

/LWHUDWXUD
.DUEDFK�0���+X�.���0XOOHU�*��������,QWURGXFWLRQ�WR�WKH�%HWKH�DQVDW]�,�&RPSXWHUV�LQ�3K\VLFV��������
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.DUEDFK�0���+X�.���0XOOHU�*��������,QWURGXFWLRQ�WR�WKH�%HWKH�DQVDW]�,,�&RPSXWHU�LQ�3K\VLFV�����������*X�6��-���3HUHV�1��0��5���/L�<��4��������1XPHULFDO�DQG�0RQWH�&DUOR%HWKH�DQVDW]�PHWRG���'�+HLVHQEHUJ�PRGHO��GRVWXSQR�QD�KWWS���DU[LY�RUJ�DEV�FRQG�PDW��������6DYHO\HY�,��9��������3K\VLFV��$�*HQHUDO�&RXUVH��(OHNWULFLW\�DQG�PDJQHW�LVP��ZDYHV��RSWLFV��5HYLVHG�IURP�WKH������5XVVLDQ�HGLWLRQ���0RVNRZ��0LU
0DULQD�0DULQNRYL`$SSOLFDWLRQ�RI�0RQWH�&DUOR�DQG�%HWKH�DQVDW]�0HWKRGV�LQ6WXG\�RI�3URSHUWLHV�RI��'�+HLVHQEHUJ�0RGHO�IRU�0DJQHWLFV$�OLQHDU�DUUD\�RI�HOHFWURQV�ZLWK�XQLIRUP�H[FKDQJH�LQWHUDFWLRQV�EHWZHHQHOHFWURQ�VSLQV�RQ�QHDUHVW�QHLJKERUV�LV�NQRZQ�DV��'�+HLVHQEHUJ�PRGHO�DQG�LWLV�FRQVLGHUHG�WR�EH�WKH�NH\�H[SODQDWLRQ�RI�WKH�PLFURVFRSLF�WKHRU\�RI�PDJQHW �LVP��%HWKH�DQVDW]�LV�D�PHWKRG�IRU�FDOFXODWLQJ�HLJHQYDOXHV�DQG�HLJHQYHFWRUV�RIWKLV�DQG�PDQ\�RWKHU�TXDQWXP�PDQ\�ERG\�V\VWHPV��:KHQ�XVHG�ZLWK�FRPSXW �HUV��LW�LV�PRUH�FRQYHQLHQW�WR�ZRUN�ZLWK�WKH�IRUPXODWLRQ�RI�WKH� %HWKH�DQVDW]IRU�+HLVHQEHUJ�PRGHO�XVLQJ�WKH�VWULQJ�K\SRWKHVLV�,Q�WKLV�SDSHU�D�QXPHULFDO�DSSURDFK�WR�GLVFXVV�WKH�WKHUPRG\QDPLFTXDQWLWLHV�RI�+HLVHQEHUJ�DQWLIHUURPDJQHWLF�DQG�IHUURPDJQHWLF�PRGHO�LV�SUH �VHQWHG��7KH�0RQWH�&DUOR�PHWKRG�LV�XVHG�WR�VHOHFW�D�UDQGRP�VWDWH�RI�WKHV\VWHP�FRQVLGHULQJ�WKDW�DOO�HLJHQYDOXHV�KDYH�WKH�VDPH�SUREDELOLW\��)RUHDFK�FKRVHQ�TXDQWXP�QXPEHU�FRQILJXUDWLRQ�WKH�HQHUJ\�RI�WKH�SUHVHQW�VWDWHRI�WKH�V\VWHP�LV�IRXQG�QXPHULFDOO\��E\�FRQYHUWLQJ�%HWKH�DQVDW]�HTXDWLRQVLQWR�DQ�LWHUDWLYH�SURFHVV�7KH�REWDLQHG�LQIRUPDWLRQ�DERXW�WKH�HQHUJ\�VSHFWUXP�RI�WKH�V\VWHP�LVDSSOLHG�WR�WKH�VWXG\�RI�WKH�VSHFLILF�KHDW�DQG�WKH�PDJQHWLF�VXVFHSWLELOLW\�RIWKH�DQWLIHUURPDJQHWLF�DQG�IHUURPDJQHWLF�+HLVHQEHUJ�PRGHOV��7KH�PDJQHWLFVXVFHSWLELOLW\�IRU�WKH�IHUURPDJQHWLF�FDVH�LV�SORWWHG�LQ�)LJXUH����DQG�WKH�DQ �WLIHUURPDJQHWLF�FDVH�LQ�)LJXUH����7KH�VSHFLILF�KHDW�GHSHQGHQFH�RQ�WHPSHUD �WXUH�IRU�ERWK�FDVHV�LV�SORWWHG�LQ�)LJXUH����7KH�UHVXOWV�VKRZ�WKDW�WKH�SUHVHQWHG�PHWKRG�LQ�D�VDWLVI\LQJ�ZD\�TXDOL �WDWLYHO\�GHVFULEHV�WKH�GHVLUHG�WKHUPRG\QDPLF�IHDWXUHV�RI�WKH�PDJQHWLF�V\V �WHP��7KH�H[DFW�YDOXHV�FRPSDUHG�ZLWK�WKRVH�REWDLQHG�ZLWK�GLIIHUHQWDSSURDFKHV�DW�VRPH�SRLQW�VKRZ�KLJKHU�GHYLDWLRQV�DQG�D�SRVVLEOH�FDXVH�RIWKHVH�HUURUV�LV�WKH�IDFW�WKDW�WKH�SUHVHQW�VHOHFWLRQ�PHWKRG�LQ�WKH� 0RQWH&DUOR�FDOFXODWLRQ�LV�QRW�H[FHOOHQW�DQG�D�EHWWHU�RQH�LV�UHTXLUHG��7KH�FRQ �FOXVLRQ�LV�WKDW�WKH�FRPELQDWLRQ�RI�%HWKH�DQVDW]�UHVXOWV�ZLWK�WKH�0RQWH&DUOR�PHWKRG�FDQ�EH�DSSOLHG�WR�GLIIHUHQW�TXDQWXP�PDQ\�ERG\�V\VWHPV�WRUHSODFH�WKH�EUXW�IRUFH�DQG�RWKHU�QXPHULFDO�PHWKRGV�ZKLFK�FRQVLGHU�DOO�SRV �VLEOH�TXDQWXP�QXPEHU�FRQILJXUDWLRQV��
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